CONTACT PATH GEOMETRIES 



DANIEL J. F. FOX 

Abstract. Contact path geometries are curved geometric structures on a contact man- 
ifold comprising smooth families of paths modeled on the family of all isotropic lines in 
the projectivization of a symplectic vector space. Locally such a structure is equivalent 
to the graphs in the space of independent and depedent variables of the family of solu- 
tions of a system of an odd number of second order ODE's subject to a single maximally 
non-integrable constraint. A subclass of contact path geometries is distinguished by the 
vanishing of an invariant contact torsion. For this subclass the equivalence problem is 
solved by constructing a normalized Cartan connection using the methods of Tanaka- 
Morimoto-Cap-Schichl. The geometric meaning of the contact torsion is described. If a 
secondary contact torsion vanishes then the locally defined space of contact paths admits 
a split quaternionic contact structure (analogous to the quaternionic contact structures 
studied by O. Biquard). 



1. Introduction 

A contact path geometry is a smooth family of embedded one dimensional manifolds 
in a contact manifold, {M,H), having the property that for each point, L, in an open 
subset of the projectivized contact hyperplane bundle, vr : ¥{H) M, there exists a 
unique path of the family passing through the basepoint Tr{L) € M and tangent to L. 
(See Definition 12. Two contact path geometries are regarded as equivalent if there is 
a contactomorphism mapping the paths of one family onto the paths of the other family. 
The flat model for the general contact path geometry is the family of all isotropic lines in 
the projectivization of a symplectic vector space (which has a canonical contact structure), 
and a contact path geometry is locally fiat if it is locally equivalent to this model. The 
contact path geometries the contact paths of which are among the geodesies of some affine 
connection are called contact projective structures and were studied in |14j . 

Every contact path geometry on a three-dimensional contact manifold is locally equiv- 
alent to the graphs in the space with variables (t, x, x) of the three-parameter family of 
solutions of a third order ordinary differential equation. The equivalence problem for third- 
order ordinary differential equations modulo contact transformations was studied first by 
K. Wiinschmann, [2SI, and later solved by S.-S. Chern, |12j . Here the discussion will focus 
on contact path geometries on contact manifolds of dimension 2n — 1 > 5. Locally such a 
contact path geometry is equivalent to a system of 2n — 3 second order ordinary differential 

Date: February 2, 2008. 

2000 Mathematics Subject Classification. Primary 32L25; Secondary 53A55. 

Key words and phrases. Contact Projective Structure, Contact Path Geometry, Split Quaternionic Con- 
tact Structure. 

During the preparation of this article the author benefited from visits to the Erwiri Schrodinger Institute 
and the Universitat Autonoma de Barcelona. 

1 



2 



DANIEL J. F. FOX 



equations depending on a parameter that is subject to a non-integrable constraint: 
(1.1) x' = f{t,x^,x°,x^,x°,z), 1 <i,j,p,q <2n- i, 

z = x^ — tip — ujpqX^x'^, Det(a'jj) / 

(Here dz — x^dt+tdx^+ujpqX^dx'^ is a contact form). When a certain invariant, the contact 
torsion, vanishes, the first two of (|1.1|) take the simpler forms 

X — gu; ai-p ^ s-i- X — J gX , 

which evidently have a Hamiltonian flavor (see Remark 12.71 below) . 

From a Lie theoretic point of view, the flat model contact path geometry is an isotropic 
flag manifold of the form G/P, with P C Sp{n,M) = G the parabolic subgroup corre- 
sponding to crossing the first two nodes on the Dynkin diagram C„: 

X X • •• • • • ( > 

When n = 2, these nodes are connected by a double bond and P is a Borel subgroup, 
whereas when n > 2, they are connected by a single bond, and this accounts for the 
special nature of the three-dimensional case. The identity of the Dynkin diagrams C2 
and B2 amounts to the special isomorphism sp(2,R) ~ so(2,3) induced by the action of 
the symplectic group on the space of trace-free two-forms on a 4-dimensional symplectic 
vector space. This means that three-dimensional contact path geometries may be viewed 
as curved geometries modeled on a homogeneous quotient of the conformal Lie group, 
50(2, 3), and this was Chern's point of view in [T2j. 

A solution of the equivalence problem for contact path geometries is taken here to mean 
the construction of a canonical Cartan connection on a principal bundle over the projec- 
tivized contact hyperplane bundle, ¥{H). Each contact path geometry of dimension at least 
five determines a 4-step filtration of the tangent bundle, T¥'{H). A basic observation is 
that there exists a subclass of contact path geometries distinguished by the vanishing of the 
contact torsion, IT, which is a tensorial object definable directly from the data determining 
a contact path geometry. The existence of this subclass is not obvious a priori. The Lie 
bracket of vector fields induces a fiberwise algebraic Lie bracket on the associated graded 
of the filtered tangent bundle, called by N. Tanaka the symbola algebra of the filtration, 
and the symbola algebra of the filtration of T¥{H) is isomorphic at every point of ¥{H) 
to that of the fiat model if and only if 11 = 0. It is shown in Theorem 12. II that in the event 
that n = the general prolongation theory developed by N. Tanaka - T. Morimoto - A. 
Cap - H. Schichl can be applied to produce a canonical regular, normal Cartan connection. 
On the other hand, if the contact torsion does not vanish, the existing general prolongation 
procedures cannot be applied. Precisely, if for a contact path geometry there holds 11 7^ 
on an open subset B C ¥{H), then a Cartan connection on B inducing the given contact 
path geometry can be neither regular nor normal; the first claim follows straightforwardly 
from the definition of regularity while the second claim, which is not obvious, is proved in 
Proposition 13. II bv analyzing harmonic curvature components. While it can be shown that 
there exist Cartan connections inducing a contact path geometry with non- vanishing con- 
tact torsion, there has not been identified a natural curvature normalization to impose on 
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such a connection, and it remains a problem to solve the equivalence problem for contact 
path geometries in this generality. 

The space of contact paths in the flat model contact path geometry is parameterized by 
an isotropic Grassmannian of the form Sp{n, M) /P. The tangent bundle of this isotropic 
Grassmannian carries a filtration modeled on a split quaternionic Heisenberg algera, and it 
is interesting to consider when the (locally defined) space of contact paths of a contact tor- 
sion free contact path geometry admits such a split quaternionic contact structure. 
The split quaternionic contact structures that sometimes arise on the space of contact 
paths are interesting in their own right, being cousins of the quaternionic contact struc- 
tures studied by O. Biquard in |^ in the context of asymptotically symmetric Einstein 
metrics. The two structures correspond respectively to homogeneous quotients of the split 
and compact real forms of Sp{n,C). A thorough discussion of split quaternionic contact 
structures would require more space. Here the prolongation machinery discussed above 
is used to show that isomorphism classes of split quaternionic contact structures corre- 
spond to isomorphism classes of regular, normal (sp(n,M), P) Cartan connections, and the 
underlying data is identified in terms of tensors on a codimension three distribution. 

Contact path geometries are analogous in many respects to the structures studied by C. 
Lebrun in piHl . Lebrun worked in the holomorphic category, but his results have the follow- 
ing smooth analogoues. Associate to a conformal class of pseudo-Riemannian metrics the 
projectivization of the null cone common to these metrics and consider null path geome- 
tries, namely families of paths in the base manifold such that for each one-dimensional 
subspace, L, in an open subset of the projectivized null cone there exists a unique path of 
the family tangent to L at the basepoint of L. If these null paths are among the geodesies 
of some affine connection, the structure is a null projective structure. Given a null projec- 
tive structure there is associated to each representative metric a unique affine connection 
having among its geodesies the given null paths, making parallel the given metric, and 
satisfying certain natural normalizations on its torsion (these representative connections 
will be the Levi-Civita connections of the metric only in the event that the null projective 
structure under consideration is that null projective structure induced by the geodesies of 
the metrics). A piece of the torsion of the associated connection does not depend on the 
chosen metric, and this conformal torsion is formally analogous to the contact torsion 
of a contact projective structure. In particular, if it vanishes there exists on the space of 
null paths a canonical contact structure. 

More generally, a conformal class of Lagrangians, [L], is an equivalence class of smooth 
functions on the punctured tangent bundle any two of which differ by multiplication by a 
non-vanishing function on the base. When the image under the projection P(TM) M 
of the common zero locus, C^i^, in ¥(TM) of [L], is M, it makes sense to speak of C[2,] null 
path geometries and projective structures. The conformal null path geometries are the 
special case in which representatives of [L] are the fiberwise quadratic functions induced 
on the tangent bundle by the metrics representing a pseudo-Riemannian metric. Contact 
path geometries are the special case in which representatives of [L] are the fiberwise linear 
functions induced on the tangent bundle by the contact one-forms. When each representa- 
tive of [L] is a non-degenerate Lagrangian, the generalized conformal structure C^i^ carries 
an even contact structure induced via [L] from the contact structure on P(T*M), and so 
a characteristic line bundle. For example, a conformal null projective structure is torsion 
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free if and only if its paths are the images in M of the characteristics. From this point of 
view the contact path geometries are highly degenerate, in that the associated conformal 
class, [L], comprises highly degenerate Lagrangians. In this case there is some structure on 
C[/,] = ¥{H) analogous to that of the even contact structure on C[j^] for non-degenerate [L]. 
Precisely, there is a codimension 2 distribution on ¥{H) which carries a family of symplec- 
tic structures, such that the skew complement of the line bundle generating the contact 
path geometry is independent of the choice of symplectic structure. The contact torsion 
vanishes if and only if this skew-complement is generated by Lie brackets of sections of 
the generating line bundle and certain vertical vector fields, and its characteristic system 
is the generating line bundle if and only if there vanishes an invariantly defined secondary 
contact torsion. 

Using the theory of harmonic curvature components of a regular, normal Cartan con- 
nection, it is shown that when there vanishes the secondary contact torsion the resulting 
multicontact structure on the space of contact paths is in fact a split quaternionic contact 
structure. This is analogous to D. Grossman's result that a projective structure which is 
torsion free when viewed as a path geometry is flat, and both results follow by applying 
A. Cap's theory of correspondence spaces for parabolic geometries, jTj. 

There is a correspondence realizing three-dimensional contact path geometries with van- 
ishing Wiinschmann invariant as the spaces of null paths of a three-dimensional Lorentzian 
conformal structure, and realizing every three-dimensional Lorentzian conformal structure 
as the space of contact paths of a three-dimensional contact path geometry with vanishing 
Wiinschmann invariant. This goes back to Wiinschmann, Chern, and E. Cartan's 
In 122] H. Sato and A. Yoshikawa solve the equivalence problem for three-dimensional 
contact path geometries and explain Chern's results. One implication relevant here is 
that split quaternionic contact structures are a natural higher dimensional generalization 
of three-dimensional Lorentzian structures, something already apparent from the isomor- 
phism sp(2,M) ~so(2,3). 

The author thanks Robin Graham for advice and suggestions. Andreas Cap suggested 
that it would be interesting to study the contact path geometries and made many useful 
comments; the author thanks him for this and for explaining his point of view. Some 
version of many of the results of Section [21 appeared in the author's thesis, jl5j . 

2. Contact Path Geometries 

2.1. Definitions and Notation. Let M be a smooth manifold of dimension n, let vr : 
P(TM) ^ M be its projectivized tangent bundle, let -k : T^M — > M be tangent bundle 
with the zero section deleted, and regard the defining projection, p : T^M — > P(TM), as 
a principal bundle. A generalized conformal structure (of rank r and degree 
1) on M is an open subset, C, of a smooth, closed (n -|- r)-dimensional submanifold of 
P(TM) such that vr : C ^ M is a submersion. Note that by definition an open subset 
^? C C of a generalized conformal structure on M is a generalized conformal structure 
over tt{B) C M. Let E C TC be the rank r + 1 tautological subbundle with fiber El = 
{X e TlC : ■K^{L){X) G L C r^(i)M}. The vertical subbundle, V = kervr* C TC, 
is a codimension one subbundle of E. An automorphism of the generalized conformal 
structure, C, is a fiber preserving diffeomorphism of C which preserves E. The lift to 
P(TM) of a diffeomorphism of M is the projectivization of its differential, and this lift 
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preserves Ep(^j'M)- Every diffeomorphism of M the differential of which preserves C hfts 
to an automorphism of C, and in many cases of interest it can be proved that every 
automorphism of C which preserves E arises as such a Hft. On the other hand, for a 
general choice of C there may be no diffeomorphisms of M preserving C. 

Definition 2.1. A null path geometry on M is a foliation by one dimensional suhman- 
ifolds transverse to the vertical of a generalized conformal structure C C P(TM) . Equiva- 
lently a null path geometry is a splitting E = V ®W defined along C. The projections into 
M of the integral manifolds of W are called the null paths of the null path geometry. Two 
null path geometries, (tt : C ^ M, W) and (vr' : C — > Af W) are equivalent if there is a 
fiber preserving diffeomorphism from C to C preserving E and mapping W to W . A null 
path geometry the null paths of which are among the unparameterized geodesies of some 
affine connection is called a null projective structure. Two null projective structures are 
equivalent if they are equivalent as null path geometries. The null paths of a null projective 
structure are called null geodesies. 

Remark 2.1. Null path geometries are defined locally on the fibers as well as on the base. 
Often locality on the fibers will be suppressed in both the notation and the exposition. A 
null path geometry is said to be supported by the generalized conformal structure, C, if it 
is defined on an open subset of C. The null path geometries supported by the generalized 
conformal structure C = ¥(TM) are called simply path geometries. 

Remark 2.2. Essentially everything to follow has a sensible (and immediate) analogue 
in the holomorphic category. In the holomorphic category there are interesting rigidity 
phenomena, e.g. a holomorphic path geometry defined on all of ¥(TM) must, by virtue of 
Hartogs' extension principle applied on the fibers of T^M, be a projective connection. 

Remark 2.3. Degree k null path geometries can be defined by replacing P(rM) by the 
Grassmann bundle Gr(k,TM), defining V and E as above, and requiring additionally 
that W be integrable. For related discussions see the first chapter of Y. Manin's and 
various papers of S. Gindikin, e.g. the papers with J. Bernstein, 

A null projective structure may be identified with the equivalence class, [V] , comprising 
all affine connections on M having among their unparameterized geodesies the given null 
paths. Given a generalized conformal structure, C, an affine connection, V, is said to admit 
a full set of null paths if every (unparameterized) geodesic of V tangent to C at one point 
is everywhere tangent to C. If C is the projectivization of a rank r distribution, H C TM, 
then V admits a full set of null paths if and only if for every choice of 9^, ... , spanning 
the annihilator of H there exist one- forms, such that SymV0* = Sym(/3j ®9^). 

A null path geometry, {C,W), is subordinate to a null path geometry, {C ,W') if the 
null paths of (C, W) are among the null paths of (C, W). In general it is easy to see that 
there are many inequivalent path geometries subordinate to a given null path geometry. 
The vertical bundle, V , and the tautological bundle, E, on C are the restrictions to C of 
the corresponding bundles on P(TM); simply extend the splitting E = V ®W locally off 
of the submanifold C C P(rM). 

The null path geometries (resp. null projective structures) on the generalized conformal 
structure C = ¥{H) over a (2n — l)-dimensional contact manifold, {M,H), are called 
contact path geometries (resp. contact projective structures), and their null paths 
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are called contact paths. Since a contactomorphism preserves H, its differential acts 
naturally on ¥{H). From the definition of E it is easy to see that the bundle automorphism 
of P(-ff) induced by a contactomorphism of (M, H) preserves E. Moreover, the lift to ¥(H) 
of a contact path in M is necessarily tangent to E. Lemmas 12.21 and 12.31 below show that 
E is 2-step bracket generating in a precisely specified way, and that a fiber preserving 
diffeomorphism of ¥{H) preserving E is induced by a contactomorphism of (M, H). 

In addition to the bundles V and E already defined, define vector bundles E-^ and 
n = TT^\H) with fibers 

Ej; = {ve TlF{H) : 7r^{L){v) G C H^l)}, rank^^ = 4n - 6, 

nL = {v€ TlF{H)) : 7r,(L)(w) G H„(^l)}, rank 7^ = 4n - 5. 

Here L"*" indicates the skew complement of L in H^(^^ with respect to the conformal 
symplectic structure on -ff,r(L) • 

The quotient Ti/V is isomorphic to the pullback bundle, Tr*(H), and so tt*{H) admits 
a tautological filtration E/V C E-^/V C tt*{H). The conformal symplectic structure on 
H induces on Tr*{H) a fiberwise conformal symplectic structure, and E-^/V is the skew 
complement of E/V in it*{H). Canonically, Vl = Tl{F{H^(^^)) ~ hom{L, H^(^x^)/ L), so 
that V ~ {T~i/E) (g) {E/Vy. A distinguished subbundle U d V \s defined as the inverse 
image of {E-^ / E) ^ {E /V)* under this identification. Precisely, the fiber Ul is the subspace 
hom(L,L-L/L) of Tl{F{H^^l))) ~ hom{L, H^(^^/L). Geometrically, each fiber, ¥{Hl), is 
the projectivization of a conformal symplectic vector space, so admits a canonical contact 
structure, which is Ul (in this regard see section . The filtration 

(2.1) UCVCECE^CHC TF{H), 

determined by these vector bundles depends only on the contact structure on M. If 2n— 1 = 
3, then E-^ = E and U is trivial. 

The geometric meaning of the bundle E-^ is given by the observation that if C M 
is an isotropic submanifold in the sense that TN C H^j^i, then ¥{TN) C ¥(H) is tangent 
to E-^. To prove this, let L G F{TN) and v G TlF{TN). Because L C T^{l)N and N is 
isotropic, there holds T^(^i^N C T^(^^N-^ C L"*-, so that ■k^{L){v) G T^(^i^N C which 
shows that F{TN) is tangent to E-^. 

Remark 2.4. One can consider contact A;-path geometries, which are defined as foliations 
of the isotropic Grassmann bundle IG{k, H), or equivalently as splittings E = V(BW, (with 
W integrable), where E is the usual tautological bundle. As in the k = 1 case there is a 
filtration of TIG{k, H) by subbundles U ^ E C E^. The k = n-l case is simpler 
because E = E-^. When 1 < k < n — 1 the story will be much like the k = 1 case, though 
the details remain to be worked out. 

2.2. Flat Model for Contact Path Geometries. The projectivization, p : = 
V — {0} — > P(V) of a 2n-dimensional real symplectic vector space, (V, O), has a canonical 
contact structure defined by declaring the contact hyperplane at the one-dimensional sub- 
space L G P(V) to be the image under p^, of the skew complement of L. The total space of 
the projectivization of the contact hyperplane is identified with the isotropic fiag manifold 
of isotropic two-fiags consisting of a one-dimensional subspace (the pole) contained in a 
two-dimensional isotropic subspace (the cloth). The leaves of the foliation of the isotropic 
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flag manifold determining the contact path geometry are the submanifolds consisting of 
isotropic flags with a given flxed cloth. The symplectic group, G = Sp{n,'R), acts tran- 
sitively on the set of isotropic subspaccs of (V, Q) of a fixed rank k < n. The manifold 
of such subspaces is the isotropic Grassmannian Qfe = IG{k,n,'R) = G/Pk, where Pk is a 
parabolic subgroup that may be taken to be the stabilizer of the isotropic subspace spanned 
by ei, . . . , efc. It is convenient also to write Pi^...i^. = Pi^ fl • • • fl Pj^,. 

Qi is simply (2n — l)-dimcnsional projective space, and Q2 is the [An — 5) dimensional 
isotropic Grassmannian of two-dimensional isotropic subspaces. The (4n — 4)-dimensional 
space G/P12 = Q12 = {(^1,^2) G Qi X Q2 : Vi C V2} is the space of isotropic 2-flags 
^1 C V2, where Vi is 1-dimensional and V2 is 2-dimcnsional and isotropic. G acts on each 
of the spaces Q12, Qi, Q2, and the actions commute with the projections pi and p2- The 
Maurer-Cartan form on G determines on each of these homogeneous spaces a canonical 
(0, P) Cartan connection, where P = Pi, P2, or P12, as is appropriate. 

The fibers of the projections pi and p2 form a pair of transverse foliations of Qi2- At 
the flag Vi C V2 in Q12 the leaves of the foliations may be described explicitly. The fiber 
of p2 passing through Vi C V2 comprises all isotropic 2-flags with the cloth V2, and is 
therefore identified with P^(M). The fiber of pi passing through Vi (Z V2 comprises all 
isotropic 2-flags with the pole Vi, and is therefore identified with F(y2~/V2) p2'^~2(M). 
This shows that the total space of the (4n — 4) -dimensional space Q12 may be realized as 
the projectivization of the bundle of contact hyperplanes on Qi. The images under pi of 
the fibers of p2 form the (4n — 5)-parameter family of contact paths in Qi. The 2-step 
bracket generating distribution, E C TQ12, is defined by letting Eg, at a point q G Q12, 
equal the span of the tangent spaces to the fibers of pi and p2 passing through the point 
q. The total space of the (4n — 4)-dimensional space Q12 is realized as the tautological 
P-'^(IR)-bundle over Q2, the fiber over a 2-dimensional isotropic subspace (a point in Q2) 
comprising all 1-dimensional subspaces contained in that subspace. The images under p2 
of the fibers of pi form a (2n — l)-parameter family of copies of P^"~^(R) in Q2. 

The flat model contact path geometry is the foliation of Q12 by the fibers of p2, and 
the Cartan connection to be associated to a contact path geometry is modeled on the 
canonical Cartan connection on Q12 = G/P12. An element of Q12 is an isotropic flag 
Vi C V2. Suppose fixed Vi G Qi and choose any Vi C V2. The submanifold of Q12 
consisting of all flags with cloth V2 is transverse to the fibers of pi. Its image in Qi is a 
projective line, the space of one-dimensional subspaces of V2. Each choice of V2 containing 
Vi determines such a submanifold of Qi passing through Vi. The union of the spaces 
tangent at Vi to these submanifolds forms a linear subspace in Ty-^Qi which is the contact 
hyperplane on Qi. This shows that, geometrically, the contact distribution H at the one- 
dimensional subspace Vi C V is the image, in Qi = P(V), of the J7-skew complement of Vi. 
There is a dual construction of a smoothly varying family of quadratic cones in the tangent 
spaces to Q2. Suppose fixed V2 ^ Q2 and choose any Vi C V2. The submanifold of Q12 
consisting of all isotropic 2-flags with pole Vi is transverse to the flbers of p2- Its image in 
Q2 is a submanifold containing V2. Each choice of Vi contained in V2 determines such a 
submanifold of Q2 passing through V2. The union of the spaces tangent at V2 to each of 
these submanifolds forms a cone in Tv2Q2- The possible choices of Vi form a copy of the 
projective line. To each such choice is associated the tangent space to the submanifold of 
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Q2 determined by the choice of Vi. These tangent spaces rule the cone, and each may be 
taken as a generator of the cone. 

Tautological vector bundles, L and L"*-, over are defined by 

L = {{L,v) eQkX^ -.v e L}, L^ = {{L,v) G Qfc x V : t; G L^}. 

The symplcctic form Q. induces an isomorphism Y/L (L^)*. Using the isotropy condition 
it is straightforward to see that tangent bundle TQ^ is canonically identified with the 
subspace of hom(L, V/L) ~ V/L (g) L* ~ {L-^)* 'Si L* consisting of elements the restrictions 
of which to L (g) L are in the subspace S'^{L*) C (L^)* ® L* . If k < n then L is contained 
strictly in L"*-, and there is a non-trivial subbundle of TQ^ defined by C = (L^/L) (g) L* ~ 
hom(L, L-'-/L). The isomorphism Y/L ~ (L^)* induced by Q identifies the subbundle 
/L with the subspace of {L^)* annihilating L, so that C is identified with the subspace 
of {L^Y (g) L* the elements of which vanish when restricted to L ® L. Restriction of 
maps induces a projection {L-^)* L* , and C is the kernel of the resulting projection 
TQ S'^{L*), which shows also that TQk/C ~ S'^{L*). It follows that C has rank 
2fc(n — k) and corank M^Lhl)^ go that the dimension of Qk is ^^^^^^ + 2k{n — k). In the 
case k = n, = L, and so TQn ~ S^{L*), i.e. the tangent bundle of the Lagrangian 
Grassmannian, Qn, is identified with the symmetric 2-forms on L (when n = 2, this is 
the case relevant for the 3-dimensional contact path geometries). When A; = 1, C is a 
contact structure, the preceeding discussion recovers the usual identification of the bundle 
of positive contact one-forms with the square of the bundle of frames in the tautological 
bundle, L. 

There is also some distinguished algebraic structure in TQk- Consider, for each < 
I < k, the cones in hom{L,V/L) and in hom(L, L-'-/L) consisting of maps with rank less 
than or equal to /. These are smoothly varying cones of degree I (in coordinates, they 
are described by the vanishing of all (/ + 1) x (Z + 1) minors of the corresponding linear 
transformation), which are non-trivial when k ^ l,n. 

The bundle L-^/L has a symplectic structure, u>, defined by u}{u + L,v + L) = D,{u,v), 
and this induces on C an S'^(-L*)-valucd symplectic structure defined by uj{{u + L) (g 
a,{v + L) <Si b) = ^}{u,v)a b (which locally can be regarded as a symmetric-matrix 
valued conformal symplectic structure). For 1 < A; < n — 1, the fiber over L G Qfc of 
the projection Q^i —>■ Qk is IG{k,L-^/L) ~ IG{k,n — k,M.). The space IG{k, L-^ /L) has 
itself a canonical multicontact structure, and these multicontact structures on the fibers 
IG{k, L-^ /L) determine on Q^i a subbundle, U, of the vertical bundle of the projection 
Qkl Ql- Moreover, from the description of the multicontact structure, C, it is apparent 
that the brackets of sections of U generate the vertical. This subbundle ?7 is a non-obvious 
feature of the geometry of Qki which plays an important role in the context of curved 
contact path geometries. 

Associated to any distribution, C, on the smooth manifold N, there are a TiV/C-valued 
one form, 0, and a section, ft, of A^(C*) (g Ann{C)* defined as follows. There is a 
canonical isomorphism TN/C ~ Ann(C)* defined hy v + C ^ ay where, for 9 G Ann(C), 
otv{(^) = G{v). The inclusion Ann{C) A^{T*N) is linear so may be viewed as a section, 
0, of A^{T*N) (g Ann{C)*. Using the canonical isomorphism TN/C ~ Ann{C)* , may 
be viewed as a section of K^{T*N) ® TN/C. The map Ann{C) lS?{C*) defined by 
9 —y d9\cxC is linear, so may be viewed as a section, fl, of A^(C*) (g Ann(C)*. Using 
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the canonical isomorphism TN/C ~ Ann{C)* , may be viewed as a section of A^(C*) ® 
TN/C. Composition of the canonical projection p : TN — > TN/C with the Lie bracket 
C xC ^TN induces a tensorial mapping C : A'^{C) ^ TN/C. Evidently, -C = fl. 

Let C be the canonical multicontact structure on the isotropic Grassmannian, Q = Qk- 
Using the canonical isomorphism TQ/C ~ 5'^(L*), and may be viewed as taking 
values in S'^{L*) (so that is the /S'^(L*)-valued symplectic structure on C constructed 
above). A trivialization of TQ/C allows and to be represented locally as forms 
taking values in symmetric k x k matrices, as will be described now. Choose coordinates 
x", on V and write the symplectic structure on V as = dx'^ Adx-a + ^^pqdx^ Adx"^ , 

where lowercase Latin indices run over {1, . . . ,2n — 2k}, lowercase Greek indices run over 
{1, . . . , k}, and capital Latin indices run over {1, . . . ,2n}. In these local coordinates, a 
path, j{t) € Qk = IG{k,n,M.), may be written as the 2n x k matrix 




The condition that such a path lie in Qk is ^^(7, 7) = 0, which is equivalent to the equations 

Zaf3 - Zfja + UJpgXa ^X/s = 0. 

The distribution C is defined by the condition that the instantaneous motion at a point be 
in the skew-complement of the point, i.e. i}('y,^) = 0. In coordinates this is expressible as 

Zal3 + i^pqXa ^Xfs'^ = = ZfHa + UJpgXfS ^Xa 

This shows that C is the kernel of the S'^(L*)-valued one- form, = Oaf}, expressible locally 
as 

0al3 = dyap + \L0pqXa^dxi3 + ^iOpyXp '^dXa 

where the coordinates Ua/s = ypa are defined by = z^p — ^uJpqXa^Xf^'^ . By the kernel 
of is meant ^^-^ ker Oafs- Evidently, G is the specialization of determined by a local 
trivialization of 5^ {L* ) and so the matrix 0q,^ is determined only up to similarities of the 
form Ca'^Cfs'^Q-fa where Co ^ is a smooth GL(/c, M)- valued function on Qk (the Ca^ should 
be thought of as the local expressions of a GL(fc,M) principal connection on the bundle of 
frames in L). 

The vector fields " = g^—^ + uJipXu p span C and satisfy the bracket relations 
[Xi°^,Xj^] = —2ujijV°^^ where V^^ = Qy ^ - All the other Lie brackets vanish. In partic- 
ular, this shows that C is 1-step bracket generating. These bracket relations are encoded 
also in the matrix valued 2-form Vt^p = dO^p = tOijdxa * A dxp^ , which is the specialization 
of fl determined by a local trivialization of S'^{L*). While Oq,^ depends on the choice of 
0Q^, its restriction to C x C is well-defined up to similarities of the form Cq, '^cp ^fl^a where 
Cq ^ is a smooth GL(/!;, ]R)-valued function on Qk- 

Remark 2.5. The contact structure on the space of 1-jets of smooth functions from M""^ 
to M'^ is not locally smoothly equivalent to C on Q2 as may be shown by computing the 
wedge lengths of their annihilators (see j5j). 
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A Det(S'^(L*))-valued 2/c-form, on C is defined by taking the determinant of the 
S'^(L*)-valued 2-form, f2. * may be regarded as a conformal class, [^'J, of 2A;-forms on C 
by letting ^' equal the restriction to C of detjjJla^, where 77 G A'^(L). In coordinates the 
conformal class [^] is represented by 

^ = . . . '1 A dx^, ^ ^ A • • • A A dx^g, 

It can be checked that * is non-degenerate in the sense that the restriction to C of the 
2k{n — fc)-form is non- vanishing. 

The set of /c-dimensional subspaces of an n-dimensional isotropic subspace of V is a 
copy of G(A;,n,]R) embedded in Qk- Its dimension is k{n — k) and it is tangent to the 
multicontact structure C on Qfc- If for 1 < / < n — /c there are chosen constants C/* so 
that Cj * has rank n — k and Cj ^Cj^Uij = 0, then it is easily checked that Aj"' = Cj *Xj " 
are k{n — k) vector fields spanning an integrable [^']-null subbundle of C. The integral 
manifolds are the copies of n, M) just described. 

2.2.1. Special Structures on Q2. The principal special feature of Q2 is that the subbundle, 
C C TQ2., supports a canonical a conformal class, [g\, of metrics of split signature. 

Let (V, Q.) be a symplectic vector space, let L be a 2-dimensional vector space, and 
set B = Y L*. Denote by tj any non-zero section of A^(L). Define g G T{S'^{B*)) by 
g(x 1^ a,y ^ b) = 0,{x, y)r]{a, h). Varying the choice of 77 rescales (7, so that the conformal 
class, [g\, is well-defined. Non-degeneracy of [g\ follows from non-degeneracy of rj and Q.. 
If J C V is O-isotropic then J ® L* is [^j-null, which shows that [g] admits null planes of 
dimension dimV, so that [g] has split signature. Applying this construction to C C TQ2 
using the identification C ~ jL® L* and the fiberwise symplectic structure induced by 
O on /L, yields a conformal class, [(7], of signature (2n — 4, 2n — 4) metrics on C. 

The split quaternion algebra. A, is the endomorphism algebra of a two-dimensional 
real vector space, L. Each ry G A^(L) induces an isomorphism L ^ L*. Conjugating the 
transpose of a G A by this isomorphism gives an involution of A denoted by a — > a. With 
respect to a unimodular basis of (L, 77), a is the matrix of cofactors so that a norm is defined 
on A by |a|^I = 00 = det,,(a)I, where I is the unit in A. The associated quadratic form 
G{a, b) = Re ab deteremines on A a signature (2, 2) metric the conformal class of which 
depends only on the algebra structure of A, and not on the choice of r]. The real part of a G 
A is Re a = ^{a + a) = ^(tra)/, and the imaginary part is Ima = ^(a — a) = ^(a — (tra)J). 
The imaginary elements, Im A, of A are just the trace free elements. 

The group of elements of norm 1 (resp. units) in (A, 77) is >S'L(2,M) (resp. GL(2,M)) 
which can be regarded also as 575(1, M) (resp. CSp{l,M.)), as these are just the elements 
which, when viewed as endomorphisms of L, preserve 77. (Recall that the group of unit 
norm elements of the usual quaternions is the compact symplectic group S*^; the usual 
quaternions and the split quaternions are different real forms of M2(C), and their groups 
of unit norm elements are, respectively, the compact and the split real forms of Sp(l,C)). 
The Lie bracket [a,b] = ab - ba = 2Im (a6) identifies ImA with sp(l,M) ~ sl(2,M). The 
restriction of G to ImA is a metric of signature (1,2) which is preserved by the adjoint 
action of S'73(1,R) on ImA. This identifies the adjoint group PS'p(l,R) with 50(1,2). 

Because any two symplectic vector spaces of the same dimension are isomorphic, for 
any choice of 77 there is a symplectic linear isomorphism (V, $7) ~ (®^i-Z^, ©^Li^?)) ^-iid this 
gives an identification of right A-modules V (g) L* ~ (©"=i-^>) 81 -Z^* ^ ®"=i(-Z^ ® L*) = A". 
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Under the identification A = L Cg) L*, a representative, G € [G], of the conformal metric 
on A has the form G{x iSi a,y b) = r]{x,y)r]{a,b). This shows that the conformal class 
[0f^;^G] is identified with the conformal class of metrics, [g], onY L* defined above. On 
the other hand, ©f=iG is just the induced inner product Re (pq) for p,q & A". 

As a right A-module automorphism is an R-linear map, it must preserve the tensor 
product decomposition Y L*, and so must have the form p — > {A, a) ■ p = ApZi where 
A € GL{Y) and a S A is invcrtible. Since (A, a) must commute with the right action of A 
on A", the element a must be in the center of A, which is . Since for a G , {A, a) and 
{a~^A, 1) act in the same way on A" this shows that the right A-module automorphisms of 
A" are isomorphic to GL{n, M). If such an automorphism preserves the conformal metric [g] 
on A" then it follows from the discussion of the preceeding paragraph that A preserves up 
to a scalar factor, so that the group of [5] -conformal right A-module automorphisms of A" 
is isomorphic to the real conformal symplectic group CSp{n,M). Using this identification 
the R-linear action on A" of the group CSp{n, M) • GL{2, R) of equivalence classes of pairs 
{A, a) G CSp(n, M) x A^ is defined by (A, a)-p = Apa (the equivalence is {A, a) ~ {rA, r~^a) 
for r G M^). The group CSp{n, M) acts on A" as conformal right A-module automorphisms, 
and the group GL{2, M) acts conformally on A" on the right as the group of units in A; the 
intersection in CO{A"') of these two groups is just M^, and the subgroup they generate is 
CSp{n,R) ■ GL{2,R). The connected component of the identity CSpo{n,M.) acts on A" as 
positive [(7] -conformal right A-module automorphisms. 

Every finite-dimensional right A-module is isomorphic to a direct sum of copies of L, 
so has even dimension. The rank of a non-zero element x G V (8> L* is the dimension of 
the image of the M-linear map x : L ^ Y. An element of A" is decomposable in the 
sense that it has the form a ® & if and only if it has rank 1. For x G A", the right A- 
submodule xA C A" is identified with all linear maps xoa : L ^Y, where o G A is viewed 
as an endomorphism of L. Since all these linear maps have the same image, this shows 
that the right A-submodule generated by x is naturally identified with a subspace of the 
form K ® L*, where K is the image of x viewed as a linear map (note that K may have 
dimension 1 or 2) . K has dimension 1 if and only if x is decomposable; in the event K has 
dimension 2 there may be chosen two rank 1 elements of A" generating xA. Similarly, any 
2fc-dimensional right A-submodule of A" is generated by k rank 1 elements of A", and so 
has the form K L* for the /c-dimensional subspace K CY spanned by the images in V 
of these generating elements. The projective space Qi = F(V) is identified with the space 
of 2-dimensional right A-submodules of A". More generally, the ordinary Grassmannian, 
Gr{k,Y) is identified with the space of 2/c-dimensional right A-submodules of A". 

A is generated over R by 1, j, e, / subject to the relations —j^ = = = 1, and ef = j 
(which imply fe = — j). The standard representation of A as 2 x 2 matrices is 

p(a + 6i + ce + d/)=(^ + ^ a-d) 

For example, the element ^{1 + f) is idempotent, and using this it is easily checked that 
the right A- module (1 -|- /)A is 2-dimensional, whereas jA = A. 

For 1 < k < n define Gr{k,n,A) to be the space of 2/c-dimensional right A-submodules 
of A". The preceeding shows that Gr(k,n, A) comprises the 2A;-dimensional subspaces of 
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A" of the form K ® L*, so that as smooth manifolds Gr{k,n, A) ~ Gr{k,Y). The 2k- 
dimensional subspace K ® L* is [gi]-null if and only if K is isotropic. Denote by Q^~^ the 
subset of Gr{k,n,A) comprising submodules for which the the dimension of a maximal 
isotropic subspace of the associated subspace G V is s G {k, k — 2, . . .}. The disjoint 
union Gr{k,n,A) = l->s<kQk~^ is a partition into orbits of Sp{n,R) (which are smooth 
submanifolds). The unique closed orbit is the isotropic Grassmannian = Qk, and the 
dimension of Q^~'^ is (^^^) + 2s{n — s) -\- (k — s){2n — k — s). The maximal orbit (having 
s = or s = 1 depending on the parity of k) is an open domain in Gr{k,Y). There must 
be some sense in which Qk can be viewed as a sort of Silov boundary of this maximal orbit. 

Every two-dimensional subspace of (V, Q) is cither isotropic or symplectic, so the sym- 
plectic group Sp{n,'R) has two orbits on Gr(2,V) = Gr{l,n, A). The closed orbit is 
Q2, comprising the g'-null points (isotropic subspaces) in Gr{l,n,A), and the other is 
its complement, which is identified with the 4(n — l)-dimensional homogeneous space 
SGr{2,Y) c± Sp{n,M.) / {Sp{n — x 5*^(1, M)) comprising symplectic subspaces. This 
realizes Q2 as a real codimension 1 submanifold of Gr(l, n, A) which should be regarded as 
the boundary at infinity of SGr {2,Y). For u0 a,v i^b e Y/L ® L* ~ TiGr {2,Y), setting 
g{u (g) a, V (8) 6) = J7(n, ■u)$7(a, b) defines on Gr{2, V) a symmetric two tensor which restricts 
to a split signature metric on SGr{2,Y) (and vanishes along IG{2,Y)) such that Sp{n,'R) 
acts on SGr{2,Y) by isometrics. 

An element p G A" of rank 1 has norm 0. An element p G A" of rank 2 is either isotropic 
or symplectic; the isotropic rank 2 elements are exactly the rank 2 elements of norm 0. To 
see the last claim, observe that because L is of dimension 2 it suffices to consider elements 
of the form a0u + b0v with u and v linearly independent, and that the norm of such an 
element is a non-zero multiple of J7(a, 6). The symplectic Grassmannian, SGr{2,Y), is the 
quotient by 5'L(2,M) of the subspace of A" comprising unit norm elements. 

The tangent space to Q2 at pA is identified with the subspace of the vector space of 
A-module maps from pA to A^/pA comprising those maps with image [5] -orthogonal to 
p. The fiber at pA of the subbundic C C TQ2 is identified with A-module maps having 
range in (pA)^/pA, where (pA)^ is the largest A-submodule of A" [51] -orthogonal to pA. 
Because pA is [51] -null, [g] descends to give a conformal metric on C. The graded bundle 
C (BTQ2/C is regular with fibers isomorphic as graded Lie algebras to 0_; this Lie algebra 
is called the split quaternionic Heisenberg Lie algebra. 

When k = 2 the conformal class of split signature metrics, [g], on C is expressible in 
coordinates as g = Vj'^^ujijdxa^ ^dxp^, for 77 G A^(L*), so that g{Xi'^,Xj^) = rj'^f^ujij. 
Define E,F,J e End(C) satisfying the relations E'^ = F'^ = I = - and E o F = J hy 

E{Xi^) = Xi^, F{Xi^) = Xi^, J{Xi^) = Xi'^, 

E{Xi'^) = Xi^, F^Xi"^) = —Xi^, J(Xj ^) = — 

and such that when restricted to C there hold g{E{—), E{ — )) = —g{—, — ) = g{F(—), F(—)) 
and g{J{—), J(— )) = <?(— , — )• It is straightforward to check 



nu=giF;-), nn = -giE;-)-g{J;-), n22 = g{E;-)-g{J;-), 
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SO that if r] is chosen so that r/^^ = 1 then the s[(2, R)-valued 2-form •r]°'^Q.p.y has the form 



An action of A on C is defined by associating to a + bj + ce + df the endomorphism 
al + bJ + cE + dF of C . Regard A" as a right A-module. An imaginary idempotent in A 
acts on A" as a reflection with respect to the inner product induced on A" by G. The 
elements of ImA of norm act on A*^ as complex structures. To each reflection (resp. 
complex structure) p G ImA is associated a reflection (resp. almost complex structure) on 
C. This data provides the model for the split quaternionic contact structures discussed 
in Section 12.5.11 As a submanifold of ImA the reflections (resp. complex structures) 
constitute a hyperboloid of one sheet (resp. two sheets), and observation which should be 
useful in attaching to a split quaternionic contact structure a twistor space. 

2.3. Local Description of General Contact Path Geometries. Some notation, to 
be used whenever working in coordinates on contact path geometries, is fixed. Let capital 
Latin indices run over the range 0, 1, . . . , 2n — 4, oo, lowercase Greek indices run over the 
range 0, . . . , 2n — 4 and lowercase Latin indices run over the range 1, . . . , 2?i — 4. (When 
2n — 1 = 3 interpret all expressions involving lowercase Latin indices as null). Let the 
constants ujij be skew-symmetric and non-degenerate, and let w*-^ satisfy uj^^ujpj = —6j * 
and raise and lower lowercase Latin indices using uJij, e.g. Xi = x^LJpi. 

If A is abelian group the vector space, V, is ^-graded if there is a direct sum decompo- 
sition V = ©/g^ Vj. An ^-grading on a Lie algebra, g, is compatible with the Lie bracket 
if [0/,0j] C Qi+j for all I, J £ A. Each homomorphism of abelian groups, cp : A ^ B, 
associates to an A-graded vector space a S-graded vector space V = ©befiVJ, defined by 
Vb = ®ieA:(f>{i)=bVi- III this way the homomorphism | | : Z'^ ^ Z defined by |/| = J2ipei H 
associates to each Z'^-grading of V an underlying Z-grading. In this way each compatible 
Z'^-grading of a Lie algebra g determines a compatible Z-grading of g. For /, J S Z'^, write 
/ < J if for every p € {1, . . . , fc}, ip < jp, and write / < J if, moreover, for some such p, 
there holds the strict inequality ip < jp. Write f/ = ©/<j0j, where I < J refers to the 
partial order on Z'^. 

If is a semisimple (real or complex) Lie algebra and p C a subalgebra, the Killing 
form of determines an orthogonal decomposition = 0_ p. The subalgebra, p, is 
called parabolic if it contains a maximal solvable subalgebra of 0, in which case there is a 
Killing orthogonal decomposition, p = 0o ©p"*", where 0o is reductive and p+ is a nilpotent 
ideal identified via the Killing form with 0^. There exists in 0o a unique scaling element, 
-^'p £ 00) characterized by the requirement that the eigenvalues of ad{Ep) acting on 0_ 
be negative integers inclusive of —1 (so ad{Ep) has on p"*" positive integer eigenvalues). 
The action of E induces on any 0o-module a 0o-invariant Z-grading, and if the 0o action 
extends to make the module a p-module, there is on the module a p-invariant Z-filtration. 
From the geometric point of view the structures of signficance are these Z-filtrations, but 
from the algebraic point of view it is often convenient to work with the associated graded 
objects. The nilpotent subalgebra 0_ is a 0o-module, and the decomposition of 0_ into 
ad{Ep) eigenspaces determines a Z-grading, 0_ = (B~^_iQi, and a Killing dual Z-grading, 
p"*" = ffii=i0j- The Lie algebra g = ffijL_^0j is fc-graded in the sense of [TU] . 




14 



DANIEL J. F. FOX 



Let G be a Lie group with Lie algebra g, and define subgroups Go C P C G by letting Go 
(resp. P) comprise those elements of Ad{G) preserving the Z-grading (resp. Z-filtration) 
of (alternatively, Ad{Go) (resp. Ad{P)) is the group of Z-graded (resp. Z-filtered) Lie 
automorphisms of g). It can be shown that the Lie algebra of Go (resp. P) is go (resp. p). 
By construction Go (resp. P) covers (possibly trivially) a subgroup of the group Gg^3^j(g_) 



Gflu(g_)) of Z-graded (resp. Z-filtered) Lie automorphisms of g. 



In general the 



(resp. ^git, 

containment Ad{Go) C Gg°3^j(g_) can be proper. 

If q C g is a second parabolic subalgebra, so that p n q is also parabolic, then the scaling 
elements Ep and Eq determine on g a compatible Z^-grading for which the subspace gi^.ij 
is the intersection of the zi-eigenspace of Ad{Ep) and the i2-eigenspace of Ad{Eq). The 
subspace gii,i2 is trivial unless either both ii and 12 are non- negative or both are non- 
positive. It will be convenient to write go for the subspace go,o- 

In what follows these constructions will be used mainly in the special case in which G = 
Sp{n, M) and P is one of the subgroups P^i described in Section [2.21 In particular, viewing 
the subgroup P12 as the intersection Pi H P2, the scaling elements Ep^ and Ep^ determine 
on g = sp(n,M) a compatible Z^-grading with associated compatibe Z-grading determined 

00, ei . . . , e2n-4, Co, /o}, in 
eo), ^^(/cx),eoo) = = 



by the scaling element Ep^^^ = Ep-^ + Ep^. Fix a basis, {/oo,e, 
the symplectic vector space, (V, ri), so that r2(/oo,/o) = 1 = ^{e. 



0(/o,eo), and Q{ei,ej) 



When n > 2, the associated Z-grading is 4-step. The most 



general element in g_ has the form 



(2.2) 



1 ^ 











o\ 
















xP 


vP 











x^ 


nO 










\ - 


xO 


Xq 


-x°° 





a;°°i-i,o + n^a-p ^ n"to -2 

-t-X^ep -I- X°t_i 2 + 2^-2,-2 



sp(n 



e R e M and 



(where, when convenient, xo = — x°° and Xqo = x*^). Here go 

go _i = span{aj , g_i,o = span {t_i,o} , g_i _i = span {ej} , 

go -2 = span {to -2} , 0-i,-2 = span{t_i _2}, 5-2-2 = span{t_2 -2}- 

As g_ is generated as a Lie algebra by g-1,0 and go,-i) the following bracket relations 
completely determine g_: 

(2.3) [ai,aj] = -2uJijto-2, 

[t-1,05 ^0,-2] = —t-1,-2, 

[ai,ej] 

[^-1,0, ^-1,-2] 

(The bracket [ej,ej] = —2uJijt-2,-2 follows from 
Direct computation shows that Go C Sp{n, M) 



-LOijt. 



1,-2, 
-2tn 



[aj,io,-2] = 
K,t-i -2] 
[t-i,o,ei] = 



0, 
= I 
0. 



0, 



(|2.3)) by the Jacobi identity). 

is isomorphic to Sp{n — 2,'K) x GL(1,M) x 



GL(1,] 
(2.4) 



and that the adjoint action of the element {Ci^,c,d) € Go on g_ is given by 

1^-1^ to,-2 = d-\-2, 

dt^in, a,; = d^^Cnh 



t 



-2,-2 



2,-2j 



'ah 



t-1,-2 -- 
-J, t-1,0 = 

It follows that the kernel of the projection Go 



t-l,-2, 
1,0, 

Ad{Go) 



is (±<5,^±1,±1). 
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Lemma 2.1. Every element of the group, G^g^aA^-) ' ofL-graded Lie automorphism of Q- 



is in fact l?-graded and G^^^.^^{q-) is isomorphic to CSp{n — 2,M) x GL(1,M). Ad{GQ) is 



' grad\ 

^ grady 

isomorphic to the subgroup, CSp{n — 2,M.) x GL+(1,M) C G^^^^J^Q-), comprising elements 
the restriction of which to 0-2,-2 is orientation preserving. 



Proof. Let x denote the image of x S 0- under a Z-graded linear automorphism. Then 
there are constants a, 6, c, Aq, Ai^, Ai^, d, Bq'', Bi^, and Bi^ so that c,d ^ and the 
a A 0\ / b R 



matrices . j . j ] and „ ^ n i ] are invertible and 

f_i,o = at_i,o + ^o^Oj, ai = Ai^aj + Ai^t_ifl, Ci = Bi^Cj + Bi^to-2, 

to,-2 = ^^0,-2 + Bo^Ci, i-1,-2 = Ct_l,_2, i-2,-2 = dt-2,-2- 

Demanding that the given Z-graded hnear automorphism be a Lie automorphism imphes 
that the bracket relations (|2.,''{)1 hold with unbarred elements replaced by barred elements. 
This yields 

d = a^b, c = ab, Ai° = Aq' = = Bi° = Bq\ 

Ai ^Aj '^ujpq = bujij , Bi = aAi , 
so that a Z-graded Lie autormorphism has the form 



J' 



(2.5) t_i,o = at_i,o, ai = Ai^aj, Ei = aAi^ 

t-2,-2 = a^fei-2,-2, i-1,-2 = a&i-i,-2, ^0,-2 = &io,-2, 

where a,b ^ and Ai^Aj '^copg = buJij. Such a transformation evidently preserves also 
the Z^-grading of g-. The relation Ai'P Aj'^ojpg = buJij shows that Ai^ determines 6, and 
evidently the pair (^j^a) G CSp{n - 2,M) x GL(1,M). Equations (^3]) show that if the 
restriction to 0-2,-2 of an element of G^^^{q-) is orientation preserving, then 6 > 0, in 
which case the corresponding element of Ad(Go) of the form (|2.4|1 is that element (Cj ^ ,c,d) 
determined by setting d = b^^l"^ , c = da, and Ci^ = caAiK □ 



By Theorem 5.3 of 122], when n > 2 it is the case that 0o is the Lie algebra of Lie 
derivations of 0-, and this could be used also to prove Lemma [2Tl 

Because 0- is nilpotent, the exponential map on 0- is a diffeomorphism onto its image, 
so that p.2|) can be taken as coordinatizing G jPyi. By the Darboux Theorem for contact 
manifolds, these coordinates and z can be used on a general contact manifold, (M, H\ so 
that B is the kernel of the one-form d = dz+^lpgx^dx^ = dz+x°°dx^ — x^dx°° +u!pqX^dx'^. 
The left-invariant basis for H^^z is Xj = + il/px^^, and the one- forms dx^ form a 
dual basis for H*. Define coordinates, a^, on the fiber Hx^z by writing, for X G Hx,z, 
X = a^Xj = dx^{X). Suppose a°° / and set it" = Then x^,z,u°', are a system of 
coordinates on the open subset of ¥{H) determined by a°° ^ 0. In local coordinates the 
left-invariant vector fields, Xh{g) = '^^—qS ' 6xp (th), are 

= ^ + ^ipU^-£;U, ^-1,0 = -'^oo + u'^Xa, Ei = Xi + LJipU^Xo, 

rp d rp rp d 

J0,-2 - g;^, J-i_2-Ao, J_2,-2-gj- 
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For example X^- = Ai. These vector fields satisfy the bracket relations obtained from (|2.H|1 
by replacing a lower case letter by a capital letter. The following left-invariant coframe on 
¥{H) will be used reference coframe: 

0~i'O = dx'^, e = du\ ^-^'-2 = dx^ - u^dx°° + ujpquPdx'i 

0-2,-2 = = _ u^dx'^. = du^ + UJpqVFdu'i. 

The differentials of these one-forms satisfy algebraic relations dual to the bracket relations 
(|2.8|) and neatly summarized by the statement that dQ + A G = where G is the g- valued 
one-form defined by: 



/ 














o\ 


6 


-1,0 
















rf 


9^ 











0- 


-1,-2 


00,-2 










V 


-2,-2 


0-1,-2 




_0-l,O 


0/ 



The one-form G is the local coordinate expression of the Cartan connection for the flat 
model contact path geometry. 

For subbundles E,F C TN, let d{E, F)^ denote the subspace of T^N spanned by all 
the elements of the form + + [Z, U]^ where X, Z € T{E) and Y,U e T{F). The 
pair {E,F) is regular if dimd{E, F)x is constant. If {E,F) is regular then d{E,F) is 
a subbundle of TN of constant. d{E,E), will be denoted dE. The pth weak derived 
system of E is defined inductively by d^'^^ = E and d^^^ = d{E, d^^'^^E). 

Lemma 2.2. For the canonical filtration. \2. IV ofT¥(H), there hold the following bracket 
relations: 

dE = n, d^^^E = TF{H) dU = V, 

d{E,V)=n, d{E,U)=E^, d{E^,V)=n. 

Proof. The Darboux theorem implies that any contact manifold is locally equivalent to 
the flat model contact manifold and, consequently, that ¥{H) equipped with the canonical 
filtration 12. II is locally equivalent to the flat model. In particular, the subbundles U, V, E, 
E^, and 7i, of TF{H), are locally always as in the flat case. The left invariant vector fields 
in the flat model are therefore always a convenient frame in T¥{H), (an observation which 
greatly simplifies calculations). The claimed bracket relations now follow immediately from 
the brackets of g_ described in (|2.3j) . □ 

Lemma 2.3. Every fiber preserving diffeomorphism $ : ¥{H) ¥{H) preserving E is the 
lift of a contactomorphism of {M,H). 

Proof. Because ^ is fiber preserving, it covers a diffeomorphism, (j), on M, and from (/)ott = 
TT o $ there follows ^*{7r*{9)) = ■K*{(f)*{6)) for any contact one-form, 0, on M. Since $ 
preserves E, ^*{tt*{0)) lies in Ann{E) C Ann{V). U A e T{V) and B G T{E) then 

d^*{TT*{e)){A,B) = (l)*{de)i-K,{A),7r,{B)) = 0, 

which implies that ^*{7:*{e)){[A, B]) = 0. Because H = d{V,E), this shows $*(7r*(6')) G 
Ann{7{), so that <^*(0) G Ann{H) and (p is a contactomorphism. Composing <I> with the 
map induced on F{H) by (f)~^ shows that to prove the lemma it suffices to consider $ that 
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covers the identity map on {M,H). That ^ preserves E means that for A € El there 
holds G and so 7r*(L)(^>*(L)(A)) G ^>(L) C H^o<i>{l) = H^{L)- On the 

other hand, 7r^(L)(^>=,(L)(^)) = £ L C Hl- This forces = L. □ 

The fohation of P(-?/) is generated locahy by the integral curves of a vector field, X £ E, 
transverse to the vertical, V , 

(2.6) X = CT_i,o + /%-2 + /Mi. 

where (7^0 and are functions of x^,z,u^. After some simplification, the integral 
curves of X satisfy: 

x^ = C, i;" = u°i;°°, i = -J77jxV, = F, u'^ = f + ^ujpgfx'^ 

These are the most general equations defining locally a contact path geometry. The spe- 
cialization x°° = 1 determines the parameter t up to translation. Since a translation of t 
leaves the form of the equations unchanged, it may be assumed that = t. With this 
specialization the equations admit the obvious simplification to the form In the case 

that n = 2, so that M is three-dimensional, then equations (jl.lj) become 

(2.7) X = f{t,x{t),x{t),z{t)), z = x-tx. 

Remark 2.6. The contactomorphism p = (x°°)^ + (x")^ and — x°°tang = sends 6 = 
dz + QpQX^dx'^ to dz — pdq + uJijX^dxK The image of the span of Xoo and Xq is spanned 
by ^ and 2^. In a region oiW{H) where g 7^ 0, let = a'^/q and = a*/?. Define 

vector fields on ¥{H), 

Ei = Xi + ujipvF^, r_i _2 = ^, r_2 -2 = 

where Xj, Aj, and To^_2 are as before. These vector fields satisfy the bracket relations 
(|2..Sj) . The most general contact path geometry is equivalent to the graphs of the integral 
curves of the vector field X = CT_i q + /'^To^„2 + f^-^p-, which satisfy the equations The 
specializations C = 1 and q = t give 

(2.8) X' = f\ p = f + ri^'LJuv, i=p + x''x''LOuv. 

If n = 2, so that (M, H) is a three-dimensional contact manifold, (|2.8)) becomes 'z = 
f^{t, z{t), z{t), z{t)). This is the most general third order ordinary differential equation 
studied by Chern, (T2|, (though some effort is required to explicitly relate his results and 
those described here). 

2.4. Canonical Filtration. A Z-filtered vector space is a vector space, V, and a 
collection of subspaces {V' C V : i e Z} such that V n = y^^^l^.j}, n.gzl^i = {0}, and 
Ujgz^* = V- The associated Z-graded vector space is GrV = ®iVyV^^^. If V, W are 
Z-filtered vector spaces, a linear map (f) : V ^ W is Z-filtered if </>(l^*) C for all z € Z. 
A Z-filtered manifold modeled on the Z-filtered vector space, V, is a smooth manifold, 
A^, equipped with a collection of smooth subbundles T* C TN such that dimT* = diml/*, 
nTJ = T^^'^^'t^'j}, Hi^zT' = {0}, and U.gzT* = TN. GrTN = ®iUi has the structure of 
a Z-graded vector bundle where Ui = T'^/T^+'^. A Z-filtered manifold is bracket filtered 
if it satisfies [T\T^] C T'+^ for ah i, j < 0. 
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Lemma 2.4. When 2n — 1 > 3, the choice of a splitting E = V ®W determines subbundles 
C TF{H) defined by 

r°'-i = u, r-^'° = w, = d{u, w), 

which satisfy rankT^ = dimf/, n T-^ = T^"''^^'"'>, '^lai^T^ = {0}, and Uj^^^^T^ = 
TF{H) . Moroeover, the Lie brackets satisfy the following containments: 

j-jn-i.o rp-i,Oj ^ 1^2^0,-1 2^0, -ij ^ 2^0,-2 

[T-i'O, r0'-2] c r-i'-2, [^-1,0^ ^-1,-1] ^ ^-1,-2^ 

Proof. The content of the first part of the lemma is that T~^'^^ = d{U, W) has rank An — 7, 
is contained in T~^'~^, and intersects T"'"^ in T"'"^. W is spanned by a vector field of the 
form X = T_i^o + /^0,-2 + /^^p for some smooth functions /, f^. There follows 

(2.9) [Ai,X] =Ei + (Aif) + 2/i)ro,_2 + A{fP)Ap, 

and so the An — 7 linearly independent vector fields, Ai, X, and [Ai, X] span T^^'^^. Note 
that To^_2 is not contained in T^^'^^, so the intersection T^^'^^ n T^'^"^ is the span of 
the Ai, which is T^'~^. As Ti is spanned by Ai, T-ifi, To._2, and Ei, (|2.9j) shows also 

d{U,W) C = n = T-^-"^, which implies [T-i'0,r°-2] c T''^'-^. Note that it 

has been shown that T^i -i = span{>lj, X, + + 2/i)ro_2}, and that T'^-'^ + 

r°-2 = span{^i,ro_2,T_i,o,^i} = Consequently, to determine [T"! "i, T'^'O] it 

suffices to compute 

(2.10) [[Ai,X],X] = {df{Ai) + 3fi)T^i,^2 modr-i'-i+T0'-2, 

which shows [T-^'O, T^^ C T-^-^. Likewise, to verify [r°-\T-i-i] C T^^-^ it 
suffices to compute 

(2.11) [Ai,[Aj,X]] = -u;ijT^i,.2 mod T^'-^. 

This shows [T^'^^ ^T^^'^^] C T~^'~^. The remaining claims are obvious. □ 

Lemma O shows that [T^ ,T^] C YIk^i+j'^^^ where K I + J means that either 
K > I + J or K is not comparable to / + J. However (|2.in|) of the proof of Lemma 12.41 
shows that in general [T^,T'^] is not a subbundle of r^+-^ as in general ^T~^'^,T~^'~^] is 
not contained in T"^'^^ = T^^'^^. 

Corollary 2.1. Associate to E = V ®W the Z- filtration 

r^i = c/eiy, T~^ = E-^, T-^ = n, t-^ = tf{h). 

generates this filtration in the sense that T^* = 9(T^^, T^*^-'^), and consequently this 
Z-filtration is a bracket filtration. 
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Proof. By definition dT^^ = d{T^^,T^^) is spanned by linear combinations of Ai, X, 
and [AjjAj]. These span the subspace spanned by Ai, T-i^, To__2, and Ei, which 
is as was shown in the proof of Lemma 12.41 So dT ^ = T ^. The preceeding 

shows 9(T~^,T~^) contains = T~^~'^ = \T^~'^,T~^'^]. The containments of Lemma 
|23thow that (9(T"\r-2) C T'^ so equahty must hold. To show d{T-'^ ^T'^) = T"^, 
it suffices to check that T_2,-2 lies in 5(T^^,T^^). A standard inductive argument now 
shows that [T\Ti] C T+i for i,i < -1. □ 

The constituent subbundles of GrTN = (B~^_iUi are: 

U-i = U®W, U-2 = E^/{U ®W), U-3 = n/E^, U-4 = TF{H)/n. 

Setting Ui = /i^j^^T^) gives subbundles, C//, for which Ui = ®\i\=iUi. For instance 
U-i-i = d{U,W)/{U (BW). The realization of each of the Uj as a subbundle of the Ui for 
which i = \I\ is obvious, except for C/o,-2- The point is that T^'""^ does not contain T~^. 
However, T^'^'^ c T~^, and its image under the projection — > x^'^/T~^ equals the 
image of E under the same projection. Consequently the subbundle of U-2 corresponding 
to C/o,_2 = V/U is E/{U (BW) = {Ve W)/{U TV) ~ V/U. 

()2.1UI) shows that for any choices of X and X' = CX, each spanning W, and any section 
A of U, the iterated bracket, [X, [X',A]], is a section of E^, and that its image in the 
quotient bundle, Ti/E-^, is well-defined up to scale. Precisely, for any smooth functions, 
a,b and g^, because X and [-'^, ^4] are contained in E^ there holds [aX, grP^dp]] = 
abgP[X, [X,Ap]] mod E^. Consequently the map {X,X',A) [X, [X',A]] + E^ deter- 
mines a section, H, of Ti/E-^ (g) S'^{W*) (g) U* . The Lie bracket induces a map C/_i^o x 
C/o,_i = W >^ U ^ d{U,W)/{U © W) = U-i^-i which induces an isomorphism [/_i,o ® 
J7o,-i — t^-i,-i5 given by (cX, aP Ap) — > caP[X, Ap] + E-^. Using this isomorphism the map 
U-ifl X U-i-i — > U-i-2 induced by the Lie bracket of vector fields can be identified with 
the section H. 

Definition 2.2. The section Yi ofH/E^ (g) S'^{W*) ® U* is the contact torsion of the 
contact path geometry. A contact path geometry has vanishing contact torsion ifH = 0. 

Evidently a contact path geometry has vanishing contact torsion if for any choice of 
X spanning W and any section A of U, the iterated bracket, [X, [X, A]] is contained in 
E^. Since for three-dimensional contact path geometries, E-^ = E and U is trivial, three- 
dimensional contact path geometries necessarily have vanishing contact torsion. 

Remark 2.7. For the particular choices of Ai and X given above, explicit computation 
utilizing the fact that E^ is spanned by Ai, To^_2, X, and Ei shows that H = occurs if 
and only if 3fp + Ap(f^) = 0. When n = 0, the contact paths are locally equivalent to the 
solutions of a system of equations which has now the form ()1.2() . 

2.5. Canonical Cartan Connections. The basic terminology about Cartan connections 
used here follows that of ^8^ which can be consulted for further references. The Lie algebra 
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homology H^,{p^; g) is the homology of the complex (Cfc(p+; g) = A'^(p+) (g) g, d) where 

fc-i 

d{{pi A • • • Apfc) (g) a) = A • • • Aj5i A • • • Apfc) ® [pi,a] + 

i=l 

^{-iy+^{\pi,Pj] A pi A • • • A Pi A • • • A A • • • A pfc) O a. 

i<j 

The curvature function, k, of a (g, P) Cartan connection on vr : ^ — s- A^, is the P-equivariant 
^^((fl/p)*) g-valued function on Q defined by k('u)(/ii, /12) = )Cu{r]u{hi,r]u{h2)). The 
Killing form on g gives an isomorphism (g/p)* — p^, and so k{u) may be viewed as an 
element of C2(p^;g). The group P acts naturally on the complex C^{p~^;q), and d is 
P-equi variant, and so P acts also on the homologies H^:{p'^;q). The scaling element Ep 
determined by P determines a filtration (grading) on any P-module (Go-module). A (g, P) 
Cartan connection is called regular if there vanishes for all p < the homogeneity p part, 
K^P\ of the its curvature function, where k^p^ is the part of k lying in (f* A f*) (g fj+j+p. The 
action of p"*" on i?^,(p+; g) is trivial, and so i/*(p"'"; g) can be viewed as a Go-module equipped 
with the Z-grading P'fc(p+;g) = ©;ffP(p+;g) induced by the scaling element Ep G go- 
Consult Section 3 of jH] for details. Hence there can be considered the associated bundles 
Q XpCk (p^ ; g) and G Xp (p"*" ; g) , and k may be regarded as a section oi Q XpC^ (p"*" ; g) • 
If d{n{u)) = for every u (z G, then r] is called normal; in this case k determines a section 
of G XpHk{p+;Q). 

Call compatible a (g,Pi2) Cartan connection, 77, on vr : — > A" if it induces the 
canonical filtration H2.1|) in the sense that 

Mv'\h-i)) = u, Mv'Hk-2 + f-1,0)) = E, MirHf-1,-2)) = n, 

TT,{v-\h-2)) = V, Mv'Hk~2 + f-1,-1)) = E^. 

A compatible rj induces a contact path geometry with W = 7r=K(r/~^(f_i^o))- 

Theorem 2.1. A contact path geometry is induced by a compatible, regular (g, P12) Cartan 
connection on G if and only if it has vanishing contact torsion. Among the compatible 
(0)-Pi2) Cartan connections on tt : G ^ ¥{H) inducing a contact torsion free contact path 
geometry there is a unique isomorphism class of regular, normal Cartan connections. 

Let g be a semisimple Lie algebra and p C g a parabolic subalgebra as in the discussion 
at the beginning of Section 12.31 If a smooth manifold, A^, has an Z-bracket filtration, 
the graded vector bundle, GrTN = 0j<o(^V^*~''^)> acquires from the Lie bracket of 
vector fields on A^ a fiberwise algebraic Lie bracket defined as follows. Given X € T^/T*"*"^ 
and Y G Ti/Ti'^^, choose vector fields X G r(T*) and Y G T{T^) such that the images in 
T^/T^'^^ and Ti/Ti~^^, respectively, of X^ and Y^, respectively, equal X and Y, respectively. 
The image, [X,Y]^, in r*+-?7r*+-'+i of [X,Y] does not depend on the choice of X and Y, 
and so defines the desired algebraic Lie bracket. This bracket makes GrTN a bundle of 
Z-graded Lie algebras. The Lie algebra GrT^N usually is called the symbol algebra at 

X. 

If the Z-filtration of TN is modeled on g_,, the fiber over x G A^ of the graded frame 
bundle, of GrTN, comprises all graded linear isomorphisms u : g_ ^ GrT^N. This 
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is a principal bundle with structure group GLgrad(£l-)) the group of Z-graded linear au- 
tomorphisms of 0_. The adjoint representation identifies Ad{Go) with a subgroup of the 
group GLgrad(0-)- Becausc the Lie bracket on g_ is Ad(Go)-invariant, a reduction of the 
structure group of ^ to a subgroup, Ad{GQ), induces a fiberwise Lie bracket on GrTN 
defined for X, y G GrT^N by {X,Y}x = u{\u~^{X),u~^{Y)]), where u is any element of 
the reduced bundle lying over x. A reduction of the structure group of GvTN to Ad{Go) 
is called regular if { , }x = [,]x for all x (z N. Precisely, regard the Lie bracket on 0_ as a 
distinguished element Cg € A^(gl) (g) 0_. The fiberwise Lie bracket [, ] on GrTN induces 
a function c : T ^ A^(0l) (g) g_ defined by c(n)(a, 6) = ti~^([u(a), ■u(6)]^(„)) for a,6 G g_. 
A reduction of T to AdiGo) is regular if the the restriction of c to the reduced bundle is 
constant and equal to Cg. 

For simple G, a theorem equivalent to Theorem 12.21 is due to Tanaka, j24j. The version 
stated here, covering the case that G is semisimple, is Corollary 3.23 in Cap- Schichl's [T?1] . 

Theorem 2.2 (A. Cap - H. Schichl, T. Morimoto, N. Tanaka). Lei G he a finite dimen- 
sional semisimple Lie group with T^-graded Lie algebra, q. Let N be a "L-filtered manifold 
modeled on 0_. If H'f\p~^;Q) = {0} for all p > 0, the isomorphism classes of regular 
reductions to the structure group Ad{Go) of the graded frame bundle are in bijection with 
isomorphism classes of principal P-bundles over N endowed with a regular, normal Cartan 
connection. 

With respect to the cohomological hypothesis of Theorem 12.21 recall 

Theorem 2.3 (Yamaguchi, Theorem 5.3 of 12^]). Let q be a simple graded Lie algebra 
over M such that Qp = [Bp+i,0-i] for p < —1. Then h[^\p'^;q) = for all p > except 
when Q is isomorphic with {An, {ai}), {Cn, {«i}) or the split real form of either of these. 

Here the notation {An, {ai}) (resp. {Gn, {«i})) indicates the grading of sl{l + 1,M) (resp. 
sp(n,]R)) determined by marking the first node of the Dynkin diag r 8-111 Affi (resp. Cn)). 
The two exceptional series correspond to projective and contact projective structures. On 
the other hand, the series (Q, {01,02}) correspond to the contact path geometries, and 
Yamaguchi's theorem shows that these do satisfy the hypothesis of Theorem 12.21 As is 
explained below in Section |31 the relevant homologies are straightforward to compute using 
Kostant's version of the Bott-Borel-Weil theorem. 

It had been hoped that Theorem l2.2[ or one of its analogues (see ^0]) ^Bj; 12111; |23i |2^) 
That there should be a difficulty is apparent already with the solution of the equivalence 
problem for the contact projective structures found in Jl]. A contact projective structure 
with contact torsion is induced by a {q,Pi) Cartan connection which is regular but not 
normal. By Proposition 2.4 and Theorem 2.7 in [Jj, the (g, P12) Cartan connection inducing 
the contact path geometry determined by such a contact projective structure is also not 
normal (and will in general not be regular). Other natural examples of non-regular Cartan 
connections arise via Cap's correspondence space construction, see e.g. Section 4.6 of [7j. 

Tanaka and Morimoto formulated differently the hypothesis of a regular Ad{G()) reduc- 
tion of the structure group of Gr TN. Section 4.4 of fTUJ explains carefully the correspon- 
dence between the different formulations. For a statement of a theorem like Theorem 12.21 
see the survey ^Hl (in feet the statement there is more general). See also the survey 27^. 
Theorem 2.3 of Morimoto's j20j is stronger than Theorem 12.21 However its hypotheses 
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are still too strong to apply to a contact path geometry with torsion. On the other hand, 
Morimoto's general theory does apply in principle to the situation of contact path geome- 
tries with torsion, although it does not associate to them anything so nice as a Cartan 
connection. 

Remark 2.8. In practice the data of a regular reduction of the graded frame bundle may 
be constructed explicitly by exhibiting a local frame in GrTN in which the Lie brackets 
agree with the Lie brackets in g_. More formally, such a local frame is a local section, 
u : N ^ J^, of the graded frame bundle such that the function c{u) on is constant 
and equal to Cg_ . If 'u is any other local section of J- such that c{u) = Cg_ , then over the 
intersection in of the domains of u and u there exists a function, b, taking values in 
^^grad(S-) such that u = uob. It follows that the GI^^^^^{q-) orbit of any such frame gives 
a reduction of the structure group to G^g^^diS-)- (This is closely related to the discussion 
following Proposition 3.5.2 in l20j). Precisely, the reduced bundle comprises exactly those 
u £ T such that c{u) = Cg. 

In those cases in which the Lie algebra of Gl^^^^^{g-) is gO) the existence of a frame 
in which the Lie brackets agree with those in g_ essentially (i.e. modulo some discrete 
topological data) already determines a reduction of the structure group to Ad{Go). In the 
setting of contact path geometries (with vanishing contact torsion) by virtue of Lemma [2. II 
such a procedure works. In general, the data of a filtration regular of type 0_ determines 
only a reduction to Gg°j^^(g_) of the structure group of GrTN, and some extra data is 
needed to determine the required Ad{Go) reduction. An example of this sort is given by the 
case SL{n + 1, M)/Pifc_|_i corresponding to the fc-path geometries modeled on the manifolds 
of flags of points and /c-planes in projective space. For finite-dimensional real simple Lie 
algebras admitting a compatible Z-grading it is the case that g[grad(0-) = 5o if and only 

if iji^^(p+; g) = for all p > 0. The cases for which this fails are enumerated in Theorem 
5.3 of 2Q . 

On the other hand, to prove that there exists no regular Ad[GQ) reduction of the graded 
frame bundle, it suffices to show that there is no choice of local frame in Gr TN for which 
the Lie brackets agree with those of g_. 

Proof of Theorem A2.1i Suppose given a contact path geometry induced by a compatible, 
regular (g, P12) Cartan connection, rj, omr : Q —i- F{H), and let k be the curvature function 
of 77. Using the compatibility of rj it is straightforward to check that regularity implies that 
d{U, W) = 7r*(7?~^(f_i^_i)), which can then be used with regularity to show that 11 = 0. 

If there exists a regular Ad{GQ) reduction of the graded frame bundle, T, of Gr TN, then 
for any section u : N ^ Qq o{ the Ad{Go) reduced bundle, there must hold [u{ai),u{t-ifi)] = 
u{ei) and [n(ej), ii(t_i^o)] = 0. Together these imply [[u{ai),u(t-ifl)],u{t-ifi)] = 0. Con- 
sequently, for any a E go,-i and any b G g-i,0) there must hold [[u{a),u{b)],u{b)] = 0. The 
most general section of C/0,-1 = U, has the form g^Ap, and so the most general brackets of 
a section of C/o,_i with sections of U-i^q = W have the form 

[g^Ap, GX] = GgP{Ep + {df{Ap) + 2/p)To,_2) mod T-^'" + rO'-\ 
[[gPAp, CX],GX] = C^gP{dfiAp) + 3/p)r_i,_2 mod T'^^-' + T^-^ 
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and from these it is evident that if 3fi ^ —df{Ai) then there is no choice of a frame in 
GrTN for which the Lie brackets agree with those of g_. 

On the other hand, if H = then there holds 3/i = —df{Ai). Define a local section, 
u, oi T ^ F{H) by u{ai) = A,, u{to,.2) = + T-\ u(t_i,_2) = T_i,_2 + T'^, 

u{t-2,-2) = T_2,_2 + and 

n(t_i,o) = r_i,o + /°ro,_2 + FAp, u{ei) = - fiTo,-2 + T-\ 

Direct computation confirms that c{u) = Cg_ , i.e. that the Lie brackets in this frame agree 
with those of 0_. As explained in Remark 12.81 this u determines a Gi^^^{Q-) reduction of 
J- which evidently depends only on the contact structure and the splitting E = V (BW . By 
Lemma |2. II the subgroup of GI'^^^^{q-) inducing orientation-preserving automorphisms of 
0_2,-2 is isomorphic to Ad{GQ). A co-orientation of the underlying contact structure is an 
orientation of U-2,-2, and a reduction of the structure group of to Ad{Go) is effected by 
considering only graded frames, u : g_ ^ GrT^(^y^-^N mapping a fixed orientation on 5-2,-2 
to the given orientation on U-2-2- Alternatively this canonical Ad{GQ) reduction of J- is 
determined by considering the Z'^-graded frames in Gr TN consistent with the orientation 
of U-2-2- This reduction is regular and Theorem 12.31 shows that the cohomological hy- 
potheses of Theorem 12.21 are satisfied. By Theorem 12.21 there exists a principal Pi2-bundle 
and on it a unique isomorphism class of regular, normal Cartan connection inducing the 
given contact path geometry. By definition any (g, Pi2)-Cartan connection determines an 
absolute parallelism on the supporting Pi2-bundle, and so this bundle is topologically triv- 
ial. Hence, given any concrete realization of a trivial Pi2-bundle, this isomorphism class of 
Cartan connections may be viewed as living on said bundle. As a connection representing 
this isomorphism class must induce the filtration (|2.1j) . there is a Cartan connection on Q 
representing the given isomorphism class. □ 

2.5.1. Split Quaternionic Contact Structures. Isotropic Grassmannian structures are par- 
abolic geometries modeled on Q^.. This section treats the cases 2 < k < n — 1, with special 
emphasis on the case k = 2 (the simpler case k = n corresponding to the Lagrangian 
Grassmannian is omitted). 

Definition 2.3. For n'>k + l, call a codimension k[k + l)/2 bracket generating distribu- 
tion, T-^N, on a {2k {n — k) + k{k + 1)/ 2) -dimensional smooth manifold, N, an isotropic 
Grassmannian structure if there is a regular reduction to Ad{GQ) of the structure group 
of the associated graded vector bundle GrTN. The structures arising in the case k = 2 are 
called split quaternionic contact structures. 

By Theorem l2.2l an isotropic Grassmannian structure induces a canonical regular normal 
(Si-Pfc) Cartan connection on a principal bundle over A^. Definition [T^l is unsatisfactory 
from a geometric point of view because it is not stated in terms of readily identifiable (e.g. 
tensorial) geometric structures on A^. Proposition 12.11 shows that such a reduction has a 
straighforward geometric meaning. Proposition 12.21 gives a further reformulation of the 
special case of split quaternionic contact structures. 

Definition 2.4. An almost isotropic Grassmannian structure on N consists of a 
codimension ('^^^) bracket generating distribution, C ; a rank 2{n — k) symplectic vector 
bundle, {V,^}); and a rank k vector bundle L such that C V L* and TN/C ~ 5^(L*). 
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Proposition 2.1. The data of an almost isotropic Grassmannian structure determines a 
regular Ad{Go) reduction of the structure group of GrTN (and so determines an isotropic 
Grassmannian structure) if and only if the S'^{L*) -valued symplectic structure on C induced 
by the identification C ~ y ®L* agrees with the TN/C -valued 2- form f2 determined by the 
Lie bracket of vector fields on C (and defined in section W^) . 

Proof. The parabolic Pk of section [2.21 determines a Z-grading of g = sp(n,M) such that 
the graded Lie subalgebra 3_ = 0_i © g_2 is isomorphic to that spanned by the Xi and 
the V"^ . For A; > 2, by Theorem 5.3 of ||2I)] (or Theorem 5.1 of QJ^) is the algebraic 
prolongation of g_, which implies that go comprises graded Lie derivations of g_. This 
means the group GI^^^^{q-.) has Lie algebra go- The subalgebra go is isomorphic to the 
product 5p(n — A;,M) x g[(A;,R). With this information in hand it is not hard to check 
that G/g^^j(g_) is isomorphic to the quotient of the product CSp{n — A;,M) x GL{k,'R) by 
the action r • {C,D) = {rC,r~^D), where the action on g_ of {Ci^,D°' fs) G CSp(n - 
k,M) X GL{k,W) (with CiPCj'iujpq = ciJij, c""-^ = detCi^) is given by (Xi",^"^) ^ 
{Ci^D"' ^Xp" ,cD'^ „DI^ ^V'^). (Checking this statement directly is tedious). The Lie 
algebra of Ad{GQ) is also go, and it can be checked easily that Ad(Go) is the quotient, 
Sp{n-k,W)-GL{k,W), of 5p(n-A;,M)xGL(A;,M) by the equivalence {C,D) ~ {-C,-D). 

If has an almost isotropic Grassmannian structure, the vector bundle GrTN = 
{V ^ L*) ® S'^{L*) equipped with the fiberwise algebraic Lie bracket [(n® a, r), (t; 6, s)] = 
(0, —il.{u,v){a ® b -\- b ® a)) is fiberwise isormorphic as a Lie algebra to g_, so its struc- 
ture group admits a reduction to Gl^^^^^{g-). Note that by the remarks in the preceeding 
paragraph, any linear automorphism of GrTA^ is induced by a conformal symplectic au- 
tomorphism of (V, $7) and a linear automorphism of L. To effect a further reduction of 
the structure group to Ad{Go) it suffices to impose some condition forcing the conformal 
symplectic automorphism of {V, il) to be symplectic. 

A A^(L*)-valued symmetric two-form, G, on V <S) L* is defined by G{u (g) a,w (g) 6) = 
n{u, v)a A b. View G as a section of T = S^{{V O L*)*) A^{L*). The action of CSp{n - 
kjM.) X G-L(/c,M) on T does not descend to an action of G/g^^j(g_) on T, but it does give 
an action of Glg^adiS-) °^ oriented projectivization, P+(T). Consequently, a reduction 
of the structure group of GrTN is effected by restricting to the subgroup of GI^^^^^{q-) the 
action of which on P+(T) fixes the image of G. Explicit calculation shows that this amounts 
to considering only elements of Gl^^^.^^{g-) induced by elements of CSpo{n—k, M) x Gl{k, M), 
i.e. this effects the desired reduction to Ad{Go). 

Finally, the statement that the Ad{Go) reduction is regular if and only if the S^{L*)- 
valued symplectic structure on C induced by the identification C ~ F ® agrees with 
the TA^/C-valued 2-form is just a rephrasing of the definition of regularity. □ 

In the particular case of A; = 2, split quaternionic contact structures may be formulated 
in terms of purely tensorial data analogous to the data used to define quaternionic contact 
structures in p]. 

Definition 2.5. A codimension 3 bracket generating distribution, C, on the (4n — 5)- 
dimensional (n > 3) smooth manifold, S, is an almost split quaternionic contact 

structure if there is given on C a split signature conformal structure, [g], and locally on 
S there exist on C endomorphisms E,F,J satisfying the relations E"^ = F'^ = I = —J^ 
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and E o F = J , such that for any representative g € [g\, the tensors g{J-, •), g{E-, ■) and 
g{F-,-) are skew- symmetric. 

An almost split quaternionic contact structure on S determines a reduction to Ad{GQ) of 
the structure group of the associated graded bundle Gr TS. Define on C an s[(2, M)-valued 
two- form, fla ^, as the restriction to C of 



and set ^ = detf^ on C. Working locally so that C and TN/C are trivial, and using a 
section of I^{TN/C) to lower the index of f^/j", there can be defined from Q. on Gr TN 
an algebraic Lie bracket that is fiberwise isomorphic to g_. This is enough to determine 
a reduction of the structure group to Gl^^^^^{g-), and the conformal structure [g] can be 
used as in the proof of Proposition 12. II to determine a further reduction to Ad{Go). 

Proposition 2.2. The reduction to Ad(Go) of the associated graded bundle, GrTS, of an 
almost split quaternionic contact structure on S is regular (and so is a split quaternionic 
contact structure) if and only if the restriction to C of the TS /C -valued 2-form is 
determined as in (|2.12j) for any choice of rj G A^(L*) and any choice of trivializations. 

It will be shown in Section 13.21 that sometimes the space of contact paths of a contact 
path geometry admits a split quaternionic contact structure. 

2.5.2. Existence of (g,-Pi2) Cartan connections inducing a given contact path geometry. 
As will be sketched now, any contact path geometry is induced by some (g, Pi2)-Cartan 
connection. The requisite P12 principal bundle Q is built directly from the filtration (|2.1jl . 
and the existence on it of Cartan connections inducing the given contact path geometry fol- 
lows straightforwardly from the existence of a canonical regular, normal Cartan connection 
associated to any path geometry subordinate to the given contact path geometry. 

As explained in ^ co-oriented contact structure and a choice of a square-root of 
the bundle of positive contact one-forms determines on M a rank 2n symplectic vector 
bundle, the tractor bundle T, and the pullback of T over is a symplectic vector bundle 
with a 2-step filtration determined (see below) in part by the containment V <Z E. The 
projectivization of T depends only on the given co-oriented contact structure; G is defined 
to be the bundle of filtered symplectic frames in the pulled back tractor bundle. Any path 
geometry subordinate to the given contact path geometry determines a (s[(2n, M), qi2)- 
Cartan connection on a (5i2-principal bundle (S'-L(2n, R)/(5i2 is the manifold of (1,2)- 
flags) over P(TM), and the restriction to V{H) of said bundle admits a reduction to Q. 
The restriction to Q of the Cartan connection determined by the subordinate path geometry 
decomposes as the sum of a (g, pi2)-Cartan connection on Q and an m-valued one-form on 
Q, where m is the Killing orthogonal complement of sp(n,IR) in s[(2n,IR) (essentially this 
follows from the observation that the contact projective tractor bundle may be indentified 
with the projective tractor bundle equipped with a symplectic structure). This shows 
that there exist always Cartan connections on Q inducing the given filtration of TN . The 
difficult matter is to identify normalizations on the curvatures of such Cartan connections 
that distinguish among them a unique representative (or a useful family of representatives). 

For completeness, the construction of Q is described, though many details are omitted. 
Choose a square-root, p : K — > M, of the bundle of positive contact one- forms on the 
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co-oriented contact manifold, {M,H). A tautological one- form, a, on K, is defined by 
as{X) = Let (5r : K — > K denote the principal R^-action of r. Denote by £[k] 

the real line bundle associated to K by the representation of on M given by s • t = s~^t. 
Sections h € r(£'[A:]) are in canonical bijection with functions /i : K — >• R of homogeneity 
k, in the sense that h{6r{p)) = r^h{p). The Jacobi identity shows that the Lie algebra, 
Vec(K), of vector fields on K is graded as a Lie algebra by the homogeneity degree, Vec(K) = 
ffifcGzVecfe(K). The tractor bundle, T, is the rank 2n quotient of TK by an action, P^, 
on TK covering 5r and leaving invariant Vec_i(K), and defined by Pr{Z) = r~^5j.-i *{Z). 
By construction, the space of sections, T(T), is identified with Vec_i(K). Because the 
symplectic form, = da, on K has homogeneity 2, it descends to T as a fiberwise symplectic 
form. The P^-invariant filtration T^K C T^K C TK descends to a filtration C C T. 
The tractor bundle depends only on K and the co-oriented contact structure on M. Because 
K^" is canonically identified with the bundle of non- vanishing volume forms on M, and 
under this identification Q"' is identified with a constant multiple of the canonical volume 
form on K^", forgetting the symplectic structure and the subbundle T^, recovers the usual 
projective tractor bundle (as described, e.g., in 

Let V = TT*{T), = 7r*(T2), and V'^ = ■k*{T^). The symplectic form on T lifts to a 
symplectic form, also denoted 0, on V. Recall the filtration E/V C E^V C l~i/V ~ ti*{H) 
from Section [2.11 There are uniquely determined subbundles V'^ and such that V'^ C 
CV"^ C V'^ and such that, under the isomorphism /V'^ ~ it*{H) (^tt*{£[-1]), V^/V^ 
corresponds to E /V (E) tt* {£[-1]) and V'^ /V^ corresponds to {E-^ /V) (g>7r*{£[-l]). Though 
it is not necessary, 

p2 and can be defined directly. To each L £ ¥(H), associate a 
subspace L' C %t{L) as follows. View L as a subspace of H^^^i-j and choose s G K lying over 
7r(L). Because Pr is a rescaling of the differential of the fiber dilations, the image, L', in 
%r{L) of the subspace of TgK projecting onto L, does not depend on the choice of s. Letting 
V'l = {t G Vl t £ L' C %t{l)} defines CV^. V"^ is defined to be the skew complement 
in V oiV^. The bundle of filtered symplectic frames, vr : ^ — > P(-ff), in 7^ is a principal P12 
bundle the fiber of which over L € P(-ff) comprises all filtration preserving symplectic linear 
isomorphisms n : V — >■ Vl- The projectivized bundle P('P) does not depend on the choice of 
K. The corresponding bundle of filtered projective symplectic frames, vr : ^ — > P(if) is the 
principal P12 bundle the fiber of which over L G T{H) comprises all filtration-preserving 
projective symplectic linear isomorphisms P(V) P('Pl). If there had been considered 
instead the pullback to P(TM) of the tractor bundle, T, there could have been constructed 
similarly a principal Q12 bundle the fiber of which over L G P(TM) comprises all filtration 
preserving linear isomorphisms, and from this description it is evident that the restriction 
to P(i^) of this bundle admits a canonical reduction to P12 which coincides with the bundle 
Q just described. 



3. Curvature of Contact Path Geometries 

This section has as its goal the geometric interpretation of various torsions and curvatures 
of a contact path geometry of dimension at least five. Most of the results are proved 
directly using only the explicit bracket relations from section |2 However at a certain 
point it is necessary to use the full machinery of parabolic geometries. Precisely, when the 
contact torsion vanishes there is a secondary contact torsion which measures the failure 
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of the generating bundle W to be the characteristic subbundle of d{U,W). When this 
secondary contact torsion vanishes there is determined on the space of contact paths a 
canonical codimension three multicontact structure. Actually, much more is true - namely 
this multicontact structure is a split quaternionic contact structure. Proving this claim 
requires the machinery of harmonic curvature components of a regular, normal parabolic 
geometry. 

The curvature function, k, of a (g, P) Cartan connection, rj, on Q is viewed as a section of 
the associated bundle with fiber A^(gl) (gig. When tj is normal, there is a harmonic Hodge 
theory allowing computation of the cohomology, H*{q-;q) ~ H^,{p~^;q), via Kostant's 
version of the Bott-Borel-Weil theorem, and it makes sense to speak of the harmonic 
part of the curvature, k-^. For details the reader should consult |HI, |Z1) or jHI- Tanaka 
proved that for regular, normal Cartan connections n-j-i is the complete obstruction to local 
flatness in the sense that k = if and only if k,-}^ = 0. In Theorem 5.10 [0] D. Calderbank 
and T. Diemer improved this substantially by constructing a natural linear differential 
operator, L, such that L{kt-i) = k. Using this A. Cap gave the following characterization 
of correspondence spaces. 

Theorem 3.1 (Theorem 3.3 and Proposition 3.3 of [H]). Let Q C P and let r] be a regular, 
normal (g, Q) Cartan connection on the Q principal bundle Q ^ N . The restriction to a 
sufficiently small open neighborhood of N of the parabolic geometry {ri,G) is isomorphic to 
the correspondence space of some {q,P) Cartan connection if and only if i{x)K,'i^ = for 
all X G p/q. 

Here if Q C P a (g,P) Cartan connection r/ on a P principal bundle Q ^ N induces 
on ^ ^ Q/Q a (g,Q) Cartan connection, and the pair {r],Q Q/Q) is called the cor- 
respondence space of the original parabolic geometry. Thereom 13.11 will be used here to 
identify when a contact path geometry with vanishing contact torsion is the correspon- 
dence space of a split quaternionic contact structure, or, equivalently, when the space of 
contact paths of a contact path geometry with vanishing contact torsion admits a split 
quaternionic contact structure. 

3.1. Harmonic Curvature Components. Representations of a parabolic P will be rep- 
resented using labeled Dynkin diagrams with crossed nodes; the number over a given node 
represents the coefficient of the corresponding fundamental weight in the highest weight 
of the representation. Since g = sp(n,]R) is a split real form the cohomologies -ff^(p+;g) 
look exactly as they do in the complex case and are computable using the algorithmic 
implementation of Kostant's version of the Bott-Borel-Weil theorem explained in First 
one finds the Hasse diagram for the parabolic P and then one uses this to compute a BGG 
resolution of the representation of P induced by the adjoint representation on g. The 
harmonic Hodge theory shows i/*(g_;g) ~ -ff,,(p+;g) which, via the usual duality between 
homology and cohomology, is isomorphic to -ff*(p+,g*)*, and //*(p+,g*) can be computed 
directly using Kostant's theory. Here only g = 5p(n,]R) and g = s[(n + 1,M) are used, and 
in either case the adjoint representation is irreducible and isomorphic to its dual, so one 
could compute just as well -ff*(p"'',g). 

In computing the harmonic curvature components it is helpful to know the relation 
between a representation of P and its dual (this is particular to both g and the parabolic 
P): 
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X- 



A2 A3 A 



n — 2 ^n — 1 



Ml 



A2 A3 A„ 



where fii = — /ii 



A«2 



A3 A4 A„_2A„_i 



4- 



Ai 



M2 



A3 A4 A„_2A„_i 
•••••=#=• 



where /i2 = — Ai — /i2 — 2 X^iLs^ ^'^'^ when n > 2, 



X- 



M2 



A2 A„ 



-Ml 



M2 



Ai A2 A„ 



where fi2 = — /i2 — 2 ^"=1^ Aj. The last takes the form 



Ml M2 

( ^ 



-Ml -M2 



4= 



when n = 2. 



The fohowing tables list the harmonic curvature components for regular normal {q,P) 
Cartan connections for g = sp(n,]R) and P which is Pi, P2, or P12. With each component 
are listed its homogeneity and the subspace in which it occurs. In the case P = P12 the 
two scaling elements Ep-^ , Ep^ G go induce a Z^-grading of any 0o-™odule, in particular 
of H^:{p^;q); in this case the unique harmonic representative of the homology class in 
H2{P^]Q) of the curvature function of a regular, normal (9,^12) Cartan connection may 
be decomposed into Z^-graded pieces k^^^ G ^"^{q} A g}) (g) qj^j+k, and the resulting Z^- 
homogeneity is recorded in the table. Because Ep-^^ = Ep-^ + Ep^, the ordinary homogeneity 
is recovered by summing the Z^-homogeneity. The n = 2 case, which has a different charac- 
ter, is omitted. The homogeneities are computed by considering the actions of the scaling 
elements Ep-^ and Ep^ described in Section [2.21 Precisely, the action of the scaling element 
-Bp. is computed by taking the inner product of the vector comprising the coefficients over 
the nodes of the Dynkin diagram with the ith column of the inverse of the Cartan matrix 
corresponding to C„ (this is explained in ) . 



1. P = Pi,n> 2. 



Component of 7^2 (p^; fl) 


Homogeneity 


Contained in 


-121000 


2 


A2(0li)(»0o 




II. P = P2,n>3. 


Component of H2{p~^;q) 


Homogeneity 


Contained in 


4-3 1 
• X • •• • • • ( • 





A^(0li) OS-2 


-3 4 
• X • •• • • • ( • 


2 


A^(5-i) (^So 



HI. P = P2,n = 3. 



Component of H2{p~^;q) 


Homogeneity 


Contained in 


5 -3 1 
• X ( • 


1 


(0I1 A0I2) «)0-i 


0-34 

• X ( • 


2 


A2(0li) O0O 
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IV. P = Pi2, n > 3. 



Component of H2{p^]9) 


Homogeneity 


Contained in 


-410100 
X X • •• • • • ( • 


(-2,0) 


A2(0S__l)0 0_2,-2 


5-4 1 
X X • •• ■ ■ • ( • 


(2,-1) 


(0ll,O /\ fl-l,-l) ® fl0,-2 


0-3 4 
X X • •• ■ ■ • ( • 


(1,2) 


(0S,-1 ^0-l,-l)'»0O 


V. P = Pi2, n = 3. 


Compoucnl of /i2(p ; g) 


Ilomogcueily 


Cont aiiKxl in 


-5 2 1 
X ^^=^ 


(-2,1) 


(00,-1 ^ 00,-2) 0-2,-2 


5-4 1 


(2,-1) 


(0^1,0 A Sli,_i) 00,-2 


-3 1 
X K ' » 


(1.2) 


(00.-1 A gli._i) 00 



When the second node is crossed, the case n = 3 looks a little different from the case 
n > 3 because in this case the second node receives a double bond. In either case, the 
regularity of the Cartan connection implies that any component of homogeneity less than 
or equal to vanishes, and so for contact torsion free contact path geometries there are two 
possibly non-vanishing harmonic curvature components. A harmonic curvature component 
of homogeneity K must lie in a subspace of A^(0^) (g) containing the highest weight 
vector corresponding to this component. The subspace in which lies the component of 
homogeneity K can be found by calculating the weights of the components (0^ A 0}) <Si 
0/_l_j_l_i^. Often many of the possibilities may be eliminated by simpler considerations. For 
instance, in cases IV. and V. it is easy to check that a component in A0}) 00/_|_j_|_(2,-i) 
must vanish unless / = ( — 1, 0) and J = ( — 1, —1), as all other choices of /, J < (0, 0) give 
/ + J + (2, —1) for which 0/_|_j_|_(2,_i) = {0}. In cases IV. and V. the harmonic curvature 
component of homogeneity (1, 2) must lie in a subspace of A^(0l)(g)0 containing the highest 
weight vector corresponding to this component. To determine in what subspace lies the 
component of homogeneity (1,2) it is necessary to calculate the weights of the components 
(0I A 0}) 0/+j+(i,2); doing so one finds that only the subspace given by / = (0, —1) and 
J = (—1, —1) has the required weight. Note that in this case the computations work in 
the n = 3 case just as in the n > 3 case. As another example, in case II. the harmonic 
curvature component of homogeneity 2 lies in the subspace {9\^_^^ A 0^g_;^^) 02A3 where 
the Xi are the standard basis of the dual of a Cartan subalgebra of = sp(n,M) which is 
diagonal in the standard representation. 

In making computations it is useful to recall that the highest weight of the represen- 
tation dual to a given representation is the negative of the lowest weight of the given 
representation. 

Proposition 3.1. The contact path geometry induced on {M,H) by a normal, compatible 
(0, -P12) Cartan connection, rj, on n : Q ¥{H) has vanishing contact torsion. 
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Proof. Tables IV. and V. above show that in all cases there is exactly one possibly non-zero 
harmonic curvature component of non-positive Z-homogeneity. It is claimed that compat- 
ibility forces this component to vanish, so that all possibly non-zero harmonic curvature 
components have positive Z-homogeneity. Arguing as in the proof of Corollary 4.10 of ^01 
by decomposing the Bianchi identity by Z-homogeneities, it is straightforward to check 
that a normal Cartan connection for which there vanish all harmonic curvature compo- 
nents of non-positive Z-homogeneity must be regular. The proof is completed by observing 
that a contact path geometry induced by a regular (g, P12) Cartan connection has vanishing 
contact torsion. To show that compatibility of r] implies the vanishing of the harmonic cur- 
vature component of non-positive Z-homogeneity it is necessary to consider separately the 
cases 2n—l > 5 and 2n—l = 5, since in the former case this component has Z^-homogeneity 
A = (—2,0), whereas in the latter case it has Z^-homogeneity A = (—2, 1). In either case 
if G 0/ C 0- and y G 0j C 0_, then K^^\x,y) = KA+i+j{x,y) will be automatically 
unless «i + j'l — 2 > —2, which, since ii, ji < implies ii = = ji. In the case 2n — 1 > 5, 
KA+i+j{x, y) can be non-zero if and only if — 2 < ^2 + J2 < 0, which implies 12 = —1 = 32- 
For x,y £ Q0-2, K^~'^'^\x,y) = K-2-2{x,y) = r]^2,-2i['n~'^ix),r]~^{y)]). By comptability 
Tr^{'i]^^{x)) G T{U) for x G 0o,-i; since V = d{U) this implies that vr*([7y^-'^(x), r/~^(y)]) G 
T(y) from which follows r]-2-2{[il~^{x),'q~^{yy\) = 0. The case 2n — 1 = 5 similarly 
reduces to consideration of K^~'^'^\x,y) with x G 0o,-i and y G 0o,-2- D 



3.2. Geometric Meaning of Torsions and Curvatures. A contact path geometry is 
admissible if its space of contact paths, S{AI, H, W), admits a smooth structure so that 
the canonical projection v : ¥(H) — > 5 is a smooth submersion. Locally every contact path 
geometry is admissible. 

If n is not there holds only d{W, d{U, W)) cTi.. If 2n - 1 > 5, by definition H = if 
and only if d{W, d{U, W)) C E-^, and there is in general an obstruction to d{W, d{U, W)) C 
d{U, W). When 11 = the Lie bracket of vector fields induces a map, W x d(U, W)/(U © 
W) E^/d{U,W), which, using the isomorphism E-^/d{U © W) ~ V/U discussed in 
section 1231 can be viewed as a section of (J/q -1 ^ ^-1 -1) Uo,-2i and will be called the 
secondary contact torsion. The cumbersome terminology 'secondary contact torsion' 
reflects that this invariant is directly analogous to the invariant of a path geometry called 
the torsion by D. Grossman, ^7]- Using the isomorphism C/_i,o <X) f7o,-i — U-i-i induced 
by the Lie bracket of vector fields, the secondary contact torsion can be identified with the 
section of S2(C/*i o)©?7o*_i 0C/-i,-i = S^{W*)(S)U* (^E^ /d{U,W) defined by {X,X',A) G 
W xW xU ^[X, [X', A]] + d{U, W) G E^/d{U, W) ~ V/U. 

Call a pair, (/)~^'~^, of linearly independent sections of Ann{E-^) a filtered 

frame in Ann{E-^) if spans AnniTi). Any filtered frame in Ann{E-^) has the 

form 

Lemma 3.1. For any filtered frame in Ann{E^) the restriction to E-^ of the associated 
two-form (i(/)-2'-2-|-(f0-i'-2 giyes a symplectic structure on E-^ for which V is a Lagrangian 
subbundle of E-^ and E is the skew complement in E-^ of U . 
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Proof. The form (3 = cf)^'^'^'^ + 0^^'^^ has the form r^^^'^^ + sO^^'^'^ with s 7^ 0. It is 
claimed that the restriction to E-^ x E-^ of dP is a symplectic structure. The vector fields 
Ai, To^_2i ^-1,0) and Ei span E-^. Direct computation using the flat reference coframe of 



Section 12.31 gives 

(3.1) iiAi)df3 = -srji mod Ann{E-^), 

i{To,-2)dp = -80-^'^ mod Ann{E^), 

i{T^ifl)dl5 = sO^''^ modAnn{E^), 

i{Ei)dj3 = -2rr]i - s9i mod Ann{E-^). 

As —rji[Ej) = ujij = —9i{Aj), there holds dP(Ai,Ej) = sujij. Likewise, (i/?(To^_2, TLi^o) = 
—s. With the non-degeneracy of u^ij these show that dp is non-degenerate when restricted 
to E-^ . Evidently the non-degeneracy holds for any choices of s 7^ and r. That V is 
Lagrangian in E-^ and that the skew complement in E-^ oiU \s E are both evident from 

(jsm). □ 

Note that if /3 = //3 + 5^-2.-2 ^ith / 0, then d/3 = fd(3 + gdO-^'-^ mod Ann{E^), 
so the resulting symplectic structure on E-^ does depend on the choice of filtered frame. 
Note also that if = F © is any contact path geometry then it is evident from 1)3. 1(1 
that U © is a Lagrangian subbundle of E-^ with respect to the symplectic structure on 
E-^ determined by any choice of filtered frame in Ann{E-^). If Q is a subbundle of E-^ 
transverse to V that is Lagrangian with respect to the symplectic structure determined on 
E-^ by any choice of filtered frame and such that U C Q C E, then a splitting Q = U QW 
determines a contact path geometry (and every contact path geometry arises in this way). 
However, such a splitting is not uniquely determined, i.e. there can be W such that 
U (BW = Q = U ®W. 

Proposition 3.2. Among the contact path geometries determining a given Lagrangian Q 
such that U C Q C E and Q is transverse to V, there is a unique one which has vanishing 
contact torsion. 

Proof. Let Q = U and let X span W. Let X = X + gPAp span W, so that U^W = 
U © W. Assume without loss of generality that X = T-i^ mod V. By (|2.11j) there are 
functions Tj such that [[j4j,X], X] = rjT_i^_2 mod E^. Then 

[[Ai,X],X] = [[Ai,X],X]-gP[Ap,[A,X]]+2g,[To,^2,X] mod E^ 
= {Ti + 35(i)r_i _2 mod E± 

so that the contact path geometry determined by W has vanishing contact torsion if and 
only if = -(l/3)r*. □ 

Proposition 3.3. The skew complement ofW in E^ with respect to the symplectic struc- 
ture determined on E-^ by the choice of a filtered frame in Ann[E^) does not depend on the 
symplectic structure chosen. This skew complement equals d{U,W) if and only z/II = 0. 

Proof Let f3 = (p'^'^ + = r6'-2 -2 + sQ-'^-^ with s / 0, and let X = r_i,o + 

/Oro,_2 + fPAp span W. Using dXTJ) one finds i{X)dp = s{6^^-^ - f^0-^^^ - fm) 
mod Ann{E-^), and from this it is evident that the kernel of the restriction to E-^ of 
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i{X)df3 depends neither on the choice of X nor on the choice of filtered frame. Now 
d(5{[Ai,X],X) = -l3{[[Ai,X],X]) = se-^^-^{[[Ai,X],X]), and by definition of H this van- 
ishes if and only if 11 = 0. As W) is spanned by Ai, X, and this shows that 
the skew complement of W in E-^ equals d{U, W) if and only if 11 = 0. □ 

Pr op osition 13 ■ 31 shows how to determine synthetically from a Lagrangian U <Z Q <Z E the 
splitting Q = U ®W such that W has 11 = 0; simply define W to be the skew complement 
in E^ oid{U,Q). 

Recall that for a smooth distribution, C, on a smooth manifold, N, the characteristic 
system, Ch(C) is defined for each x G by 

Ch^(C7) = {V £C^: i{V)duj G Ann{C) V cj G Ann{C)}. 

When Ch(C) has constant non-zero rank, it is called the characteristic subbundle of 
C. The characteristic system of C measures the degeneracy of C. When Chx{C) = {0} for 
every x £ N, call C maximally non-degenerate. 

Proposition 3.4. A contact path geometry with vanishing contact torsion has vanising 
secondary contact torsion if and only ifW= Ch{d{U,W)). 

Proof. If n = 0, Ann{d{U,W)) is spanned by 9"^'-^, 9'^'-^, and = i{X)de-^^-^ for 
any X spanning W. Since by Proposition 13.31 d{U, W) is the skew complement of W in 
E-^ with respect to the symplectic structure defined on E-^ by d{r9~'^~'^ + s9~^~'^), the 
characteristic system at any point of P(i?) of d{U, W) must be at most one-dimensional. 
As always = i{X)de-^'-^ and fix^*"^'"^ = iiX)d9~^~'^ are in Ann{d{U,W)), 

it suffices to check that = i{X)d^ lies in Ann{d{U .,W)) . This is true if and only if 
d{W, d{U, W)) C d{U, W), and the obstruction to the latter is by definition the secondary 
contact torsion. □ 

Corollary 3.1 (Corollary of Proposition 13. 4j) . Let {M,E = V (B W) be an admissible 
contact path geometry of dimension at least five with 11 = and vanishing secondary contact 
torsion. Then S admits a maximally non- degenerate codimension 3 bracket generating 
distribution, C, so that the projection {F{H), d{U,W)) — > (<S, C) is a submersion in the 
category of smooth manifolds equipped with a distribution. 

Suppose given an admissible contact path geometry induced by a regular, normal (g, P12) 
Cartan connection, 77, on ^ — > ¥(H). Since by the discussion in Section 12.5.11 a split 
quaternionic contact structure on iS is the same thing as a regular, normal (0,-P2) Cartan 
connection on S, it makes sense to say that the local space of paths, S, of an admissible 
contact path geometry admits a split quaternionic contact structure if S admits a 
split quaternionic contact structure for which the (g, P12) correspondence space is the given 
Cartan connection 77 on ^ ^ ¥{H). 

Corollary 3.2 (Corollary of Proposition 13.4(1 . Let {M,E = V (B W) be an admissible 
contact path geometry of dimension at least five with 11 = 0. Then S admits a split 
quaternionic contact structure if and only if it has vanishing secondary contact torsion. 

Proof. The secondary contact torsion is identified with the homogeneity (2, —1) component 
of the harmonic curvature of the regular, normal (s,-Pi2) Cartan connection associated to 
the given contact torsion free contact path geometry. By Theorem 13. II the vanishing of the 
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secondary contact torsion implies that the given contact path geometry is the correspon- 
dence space of a spht quaternionic contact structure on the space of contact paths. □ 

The homogeneity (1, 2) component of the harmonic curvature of a contact path geometry 
with vanishing contact torsion and vanishing secondary contact torsion is straightforwardly 
identified with the harmonic curvature component of the split quaternionic contact struc- 
ture on the space of contact paths. 

3.2.1. Contact Path Geometries determined by Contact Projective Structures. Here are 
made a few remarks about the relation between contact projective structures and general 
contact path geometries. See |14| for further details on contact projective structures. A 
contact projective structure, [V], on a contact manifold, (M, H), is a null projective struc- 
ture for the conformal class, [9], of contact one-forms. When discussing contact projective 
structures, let lowercase Latin indices run over {1, . . . ,2n — 2}, and lowercase Greek in- 
dices run over {0, 1, . . . , 2n — 2}. If a contact one-form, 6, is fixed, a 0-adapted coframe is 
a coframe 0" such that 9^ = 6 and 6^{T) = 0, where T is the Reeb vector field of 9. If 9 
is fixed assume fixed a ^-adapted coframe and dual frame, E^, such that Eq = T. Write 
Lo = d9. Let uj'^^ujjk = —6k *, and raise and lower indices with uoij according to j^Wpi = 7i. 

Any representative V € [V] satisfies ^ (i9j) = 0. Since the equations defining the 
geodesies of a connection are independent of the torsion of the connection, there are 
symmetric representatives V G [V]. If V € [V] is symmetric, then Vi^j = \oJij. It is 
straightforward to check that for symmetric V G [V] the completely trace-free part of 
io^PVpUJij, which is the section, 

depends on neither the choice of 9 nor the choice of V. The tensor Tjj ^ is called the 
contact torsion of the contact projective structure. From V^jW^fc] = there follows 
'^[ijk] = 0- Using T^ijk] = it is easy to check that r = if and only if t{X, Y) = for 
every isotropic X AY G T{A'^{H)). By Theorem C of |14j there is associated to each 
contact projective structure a curvature normalized regular (fl,-Pi) Cartan connection, rj, 
on a canonically constructed Pi principal bundle — > M (the bundle of filtered projective 
symplectic frames in the tractor bundle). In particular the component k*-^^ of the curvature 
of r] is the contact torsion, and r] is normal if and only if the contact torsion vanishes. 
The quotient Q/P12 is P(-ff), and so viewing the contact projective structure as a contact 
path geometry amounts to passing to the correspondence space associated to the inclusion 
P12 C Pi. 

Proposition 3.5 (TE"). The contact path geometry induced by a contact projective struc- 
ture is contact torsion free in the sense of Definition Ig.gl if and only if it has vanishing 
contact torsion as a contact projective structure. 

Proof. If the contact path geometry underlying a contact projective structure has van- 
ishing contact torsion then by Theorem 12.21 it is determined by a regular normal (0,^12) 
Cartan connection which is, by assumption, the correspondence space of a {q,Pi) Cartan 
connection inducing the given contact projective structure. By Theorem 2.7 of ^ this 
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(g, Pi) Cartan connection is normal, and by the tabulation of the harmonic curvature com- 
ponents made above, it is regular; it induces the given contact projective structure which 
by Theorem C of I I must be contact torsion free. 

The contact path geometry underlying a contact projective structure with vanishing 
contact torsion is that contact path geometry induced on ¥{H) by the correspondence space 
associated by the inclusion P12 C Pi to the regular normal Cartan connection associated 
by Theorem C of to the contact projective structure. The correspondence space of a 
normal Cartan connection is normal, and in the present situation the harmonic part of the 
curvature function of the correspondence space satisfies i{x)K-}i = for all x € pi/pi2 = 
00,-1 ffi 00,-2- The table of harmonic curvature components above shows that this implies 
the vanishing of the component of non-positive homogeneity, so that the correspondence 
space is regular (and normal), and hence induces a contact path geometry with vanishing 
contact torsion. □ 

Theorem 3.2. Let (M, ff, [V]) be an admissible contact projective structure of dimension 
at least five with vanishing contact torsion. The secondary contact torsion of the contact 
projective structure viewed as a contact path geometry vanishes if and only if the contact 
projective structure is flat. In particular, the space of contact paths of an admissible contact 
projective structure of dimension at least five with r = admits a codimension 3 multi- 
contact structure, C, so that the canonical projection v : (P(//), 9(C/, VF)) — > (5, C) is a 
submersion in the category of smooth manifolds equipped with a distribution (i.e.. a split 
quaternionic contact structure ) if and only if the contact projective structure is flat. 

Proof. If K is the curvature function of the correspondence space of the given contact pro- 
jective structure. Theorem 13. II implies that i{x)K-}^ = for all x G 0o,-i- From the tables 
given above it is evident that the only possibly non-zero harmonic curvature component 
is the one of homogeneity (2, —1), which is identified with the harmonic curvature compo- 
nent of the regular normal (0,Pi) Cartan connection associated to the underlying contact 
projective structure. This implies the first claim of the theorem, and the second follows 
immediately from Corollarv 13.21 □ 

3.2.2. Totally Geodesic Submanifolds. An isotropic submanifold, C M, is totally geo- 
desic if every contact path tangent to N at any point lies on N . Equivalently, N is totally 
geodesic if W is tangent to P(TA). 

Example 3.1. For 3 < A; < n the family oi [k — l)-dimensional isotropic linear subman- 
ifolds of Qi parameterized by Qk comprises submanifolds totally geodesic with respect to 
the flat model contact path geometry. 

Proposition 3.6. For a contact path geometry with vanishing contact torsion, if N <Z M 
is an isotropic submanifold the skew complement in E-^ of TF{TN) is well-defined and 
N is totally geodesic if and only if TF{TN)-^ is contained in the restriction to ¥{TN) of 
d{U,W). In particular, a Legendrian submanifold, N C M, is totally geodesic if and only 
ifF{TN) is tangent to d{U,W). 

Proof. Let a = rO^'^'^^ + s6^^~'^ with s 7^ and /3 = da. First it is proved that if N is 
isotropic then P(rA^) is /3-null and the skew complement TF{TN)^ in E-^ is well-defined 
independently of the choice of /?. Because 6~'^~'^ is the pullback to F{H) of a contact 
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one-form on M and N is isotropic, the restriction to N of d9~'^~'^ vanishes. It fohows that 
the restriction to of /? is a non-vanishing multiple of the restriction to N of dO^^'^'^. 
This shows that the skew complement of rP(TA^) in is well-defined independently of 
the choice of /?. If A and B are tangent to F[TN) then so is [A, -B], and since 9~^~'^ 
annihilates T¥{TN), it follows that dd-^-'^{A, B) = along F{TN), so P{A, B) = along 
P(TiV). 

If A'" is totally geodesic then W C T¥(TN), which by Proposition 13.31 is equivalent to 
T¥{TN)-^ C W-^ = d{U,W). As N is isotropic, this implies TF{TN) C TF{TN)^ C 
d{U,W). Conversely, iiT¥{TN)-^ C d{U,W), then Proposition ESI implies W C rP(rA^), 
so that is totally geodesic. If is Legendrian, then T¥{TN) is a (2n — 3)-dimensional 
subbundle of E^, so TP(TA^) = TP(TA^)^, and hence A^ is totally geodesic if and only if 
F(TN) is integral for d{U, W). □ 

Proposition 13.61 implies that if A^ is a Legendrian submanifold of an admissible contact 
path geometry with vanishing contact torsion and secondary contact torsion, then the 
image in S of P(TA^) is a (2n — 3)-dimensional submanifold tangent to C. 
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